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MHOIOMEPHAA FTEOMETPUA U PACTTOSHABAHUE
OBPA30B

Huoicecopoockuti 2ocyoapcmeenmviil yHusepcumem

BBEAEHUE U MNOCTAHOBKA NPOBJEMbI

B npenpiaymeit crarbe [1] s roBopmsl 0 MareMaTruke kKak o0 orepa-
MOHHOM crucTteme U moaensix. Ceryac s moCcTaparch pacckasaTh O 3aMe-
YaTeJIbHbIX MPOCTHIX MATEMAaTHUYECKUX MOAENSIX OYEHb CIIOKHBIX WHTEJI-
JEKTYalIbHbIX CHOCOOHOCTEH YeJIOBEKa, MOJENSIX, KOTOPbIE MOCIYKHUIIN
OCHOBOM M TPaMILIMHOM JJIsi OYpHOTO TpUyM(PabHOTO IIECTBUSI HOBOTO
paszena HayKH — pacro3HaBaHus 00pa3oB. B 1957 rogy B HOBOM, TOJIBKO
B 1948 rogy mpososmiamenHoir H. BuHepom Hayke kuOepHETHKE Mpo-
W30IIJIO OIIETOMJISIONIEE, MOIy4HBIIee Onarogaps >KypHajaucTaM IIHpo-
KYIO0 OITIaCKy, COOBITHE: IEMOHCTPAIMS YCTPONCTBA CO 3BYYHBIM Ha3Ba-
HueM niepcentpoH [2, 3]. IlepcenTpon pacno3zHaBan (y3HaBaj, pa3inyal,
OTI03HABAaJI) 3pUTENIbHBIE 00pa3bl U 00yyascs 3ToMy pacrno3HaBaHuioo. OH
MOT y3HaBaTh HOBbIE 00pa3bl, €CIU €ro, Kak U Hac, JIOAEH, 3TOMY YUUIU
yTeM MoKa30B. PaHee Ka3anoch, UTO TaKOe€ yMEHUE — OeccropHas Ipe-
porarruBa 4YeJ0OBEKa, YTO TOJBKO YEJIOBEK C €r0 BBICOKAM HHTEJUIEKTOM
crioco0eH K 0000IIEHUIO U (POPMHUPOBAHUIO AOCTPAKTHOTO MOHATHUS 00-
pasa, TOJIBKO OH 3TO MOYKET M TOJIBKO €r0 MOXKHO 3TOMY HayuduTbh. OKka3za-
JI0Ch, YTO 3TO MOXKET J€JIaTh YCTPOMUCTBO, OE3/IyIIHAS] MAIlIUHA.

[lepcenTpoH WMen HE TOJIBKO 3BYYHOE Ha3BaHWE, OH ObLI HAa BHJI
npocTt u 3aragodeH. Ero co3gan Pozen6bnart, ¢usuosnor no npodeccuw,
VCXOZISl U3 COBPEMEHHBIX €MY IPEACTABICHUN O KOHCTPYKUMU Mo3ra [4],
CBSI3EM MEXIY CJIOSAMHU €ro HEPBHBIX KIIETOK U O CAMUX HEPBHBIX KJIET-
KaxX, UCXOMsl U3 TOr0, 4TO OH CaM Ha3BaJI NPUHIHUIIAMH HEUPOJUHAMUKH
[5]. [lepcenTpon uMen daceTyaTHBIN I1a3, KaK y CTPEKO3bI, COCTOSIINMA
U3 JiecsTy Thicsy (HOTOAIEeMEHTOB. [lanee men simuK ¢ JIaMnodykaMu, OT-

" Texct mevaraercst mo u3nanmio: FO.H. Heiimapk. MHOTOMEpHAsI T€OMETPUS i
pacrnio3HaBanue 00pa3oB//COpoCOBCKUi 00pa3oBaTeNbHbIN KypHAL 1996.Ne7. — (c.119-
123).// Caiir «CopocoBCKuii 00pa3oBaTeNbHbIN AKypHAID).
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BEYAIOIIMMH Ha TI0Ka3, ¥ KHOMKAMHU JJIsl COOOIIEHUSI €My, YTO MOKa3bIBa-
10T MpY 00YYEHUH, COCTOSIIEM B YKa3aHUSX, MPABWIHHO JU OH, TIEPCEIl-
TPOH, PACIIO3HAET TO, YTO €MY MOKa3bIBAIOT. UTO BHYTPH SIIIIUKA, HE BU/I-
HO, SIIKMK YepHBbIN, Kak B urpe “YUro? I'ne? Korga?”.

Ho Bckope comep:kuMoe siUKa CTajao MOHATHBIM, U COTHHU TPYIIII
YYEHBIX BO BCEM MHPE CTaJId 3KCIEPUMEHTUPOBATh C MEPCENTPOHAMMU.
VYxe B Hayane 60-X romoB B HAIIEW CTPAaHE NMPUMEHWIM MAIIMHHOE pac-
MOo3HaBaHWE OOPa30B K OMO3HAHUIO HE(PTEHOCHOW MECTHOCTH, MECTHO-
CTH, B HeJIpax KOTOpOW CKpbiTa HEPTH. 3aTeM ¢ nmomoiibio IBM Hauanu
pacro3HaBaTh 0OJIE3HU YEJIOBEKa M JIeJIaTh 3TO Mo4ac Jydile, 4eM cam
yenoBek. DOBM Hayuniace “durarh’ NMEYATHBIM WU JTAXKE PYKONUCHBIN
TEKCT U BOCIIPUHUMATh TEKCT C Tojioca, 00HAPYKUBATh HEUCTIPABHOCTH,
MPEICKA3bIBaTh ABAPUMHBIE CUTYAIlMA U MHOTOE, MHOTOE JIPYTOE.

OTnenbHBIM KOHKPETHBIA CTYJI Mbl MOXEM B JIETAISIX ONHUCATh W
HaydynTh DBM 1o sTomy onucanuio ero y3Hasarb. Ho kak Hayunts OBM
y3HaBaTh JIFOOOW CTYJ, B TOM YKCJIE U TOT, KOTOPOT'O MbI CAaMU HE BUEIIH,
TO €CTh KaKUM 00pa3zoM omucaTth 00pa3 “cryn’? Ctyn npeaHa3HaueH Jjis
CUJICHUS, UMEET HOKKM U cnuHKy. Ho uto 3naunt g OBM: “npenna-
3Ha4YeH JJIsl CUJCHUS, HOXKKA M CIIMHKA? DTO CTOJb K€ HESICHO, KaK M
TO, YTO TAKOE CaM CTYII.

Nrak, uyTo Takoe “00BEKT”, 4TO Takoe “00pa3” u kak MoxHO DBM
Hay4dTh ‘“pacro3HaBaHUIO 00Pa30B”’, KaK MOXHO paclo3HaBaHUE HC-
MOJIB30BaTh ISl MIEPEUUCIICHHBIX BBIIIE BONPOCOB? MorymecrBo mare-
MaTHUKH COCTOUT B TOM, YTO OTBETHI HAa 3T BOMPOCKHI MOTYT OBITH MOJNY-
YEHBI, €CIIM HAUJEHBI COOTBETCTBYIOIIME 3THUM BOIIPOCAM MaremaTruye-
CKHE MOJIEIHU, TO €CTh MaTeMaTUYeCKHe MOJAEIU 00beKTa, 00pas3a, pac-
MO3HaBaHMUS U OOy4YeHUs pacrno3HaBaHUO. Kak TOJNbKO Takue mouenu
CTaHyT 00IMM JocTosiHueMm, DBM OynyT pacrno3HaBaTh HE XyKe, a MO-
KET OBITh, W JIyullle yenoBeka. [Ipuioxenus, u camble pa3HOOOpa3HBIE,
MOCBHIIUIIOTCS, KaK TOPOX U3 MEIIKA, TPUYEM HE TOJIBKO OKUIAAEMbIE, HO
Y COBEPIUICHHO HEOXKUAAHHbIC. Beap mepcenTpoH pacno3HaBal 3pUTEIb-
HbIe 00pa3pl, a 3areM DOBM craBuia aumarfHo3sl OOJIE3HEH, Haxomusa
CKPBITBIE HEUCIPABHOCTH M OCYIIECTRIISIIA T€OJIOTHUYECKYIO PA3BEIIKY.

Kaxercs, 4T0 TOCTPOUTH 3T MATEMAaTUYECKUE MOJECIA HEBO3MOXK-
HO M YK, BO BCSIKOM CJy4ae, O4eHb TPyAHO. byaymiuii Bpad yuurtcs moJ-
KU3HHU, YTOOBI BEPHO CTaBUTh JUArHO3bI 3a00JICBAHUSI, TOJBKO TaJaHT-
JIUBBIA XUMUK JIOTABIBAETCS O CBOMCTBAX BEIIECTBA 110 €r0 CTPYKTYP-
HOM XUMHYECKON GopMylie, a Mbl XOTUM, 4TOOBI 3T0 Aenanu IBM. Ko-
HEYHO, TPYAHO, JaXXE€ OYEHb TPYAHO, ITOTOMY YTO 3TH MOJEIH CYIIe-
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CTBEHHO HOBBIE, OTJIMYHBIE OT MPHUBBIYHBIX HAM YPABHEHHUI, U MBI €Il
HE 3HaeM, KaK X MOCTpouTh. HyKeH B3JIeT, CKaYOK MBICIIH, U OH ObLI Obl
HEBO3MOXKEH, HE 001aiail YeI0BEeK U300pETEHNEM CBOETO BOOOPAKEHUSI,
HA3bIBAEMBIM MHOTOMEPHBIM MPOCTPAHCTBOM. M300peTeHueM MOTOMY,
YTO MHOTOMEPHOTO T€OMETPUYECKOTO MPOCTPAHCTBA HET B MPUPOJIE, ETO
n3o0pen mareMatuk. M300pecT 3T0O MHOTOMEpPHOE MPOCTPAHCTBO B
CBS3M C MOJICTTMPOBAaHMEM paclo3HAaBaHHUS O00pa3oB OYEHb Ma-
JIOBEPOSITHO, TMOXKAITyW, HEBO3MOXKHO. V€M MHOTOMEpPHOIro MpOCTpaH-
cTBa BbIicKaszbiBajauch eiie B X VIII Beke U. KaaTom u XK. /I’ Anambepom,
a MHOromepHasi reometpusa nocrpoena A. Komm, I. I'paccmanom um JL.
[Inednu B nmpornuiom Beke. [locne 3Toro nepBoHavyanibHbIE COMHEHUS U
CBA3aHHAsi C HUMM MHUCTHKa OBLIM MPEOO0JICHbI, © MHOTOMEPHOE MPO-
CTPAHCTBO CTAJIO IJIOJIOTBOPHBIM MAaTE€MaTUYE€CKUM MOHSTHEM. MHOro-
MEpPHOE€ MPOCTPAHCTBO TAKOE KE, KAK HAIIE TPEXMEPHOE, HO TOJBKO Y
HEro HE TPU KOOPAMHATHBIX OCH, @ MHOTO, Jit000¢ uncio N. [IpencraButh
€ro B HallleM TPEXMEPHOM MPOCTPAHCTBE HEJIb3sl, HO BOOOPA3UTh MOXK-
HO: N ocelt koopamHAT OXq, OXy, ..., OX,, KaKaas Touka X UMeeT N Koop-
JAHAT X1, Xp, ..., Xp; IIIOCKOCTh, TOYHEE TUIIEPILUIOCKOCTD, IEJIUT BCE MPO-
CTPAHCTBO Ha JIBE YacCTH; 4Yepe3 J0Oble JBE TOUYKH MOXKHO IMPOBECTH
€AMHCTBEHHYIO MPSAMYIO; KOHEUYHBIM OTPE30K MPSIMOM MUMEET JJIMHY H
T.1. JIist GU3KUKOB yKe JaBHO CTaji0 MPUBBIYHBIM pabOYUM MUHCTPYMEH-
TOM YETBIPEXMEPHOE MPOCTPAHCTBO C TPEMs MPOCTPAHCTBEHHBIMHU KO-
OpAMHATAMHU U YETBEPTOU — BpEMEHEM. | OBOPSAT, Halll 3amMeyarelibHbII
reoMmeTp JlesoHe JIeTKO MpeacTaBisiil cede YeThIpeXxMepHOe MPOCTpPaH-
CTBO TaK K€, KAK Mbl TPEXMEPHOE, 1 MOT' B HEM MPOU3BOAUTH F'€OMETPHU-
YeCKue MoCcTpoeHus. B KOoHIIE KOHIIOB, MBI XK€ U300pakaeM Hallle TpeX-
MEpHOE MPOCTPAHCTBO HA IBYMEPHBIX KapTUHAX, PUCYHKAX U YEPTEKaxX.

Ho BepHeMcst kK MaTeMaTUYECKUM MOJEIsIM. MHE O4eHb TPYAHO Iie-
pen Bamu XuTpuTh, Belb S 3HAI0 3TH MOJIENU, U OHU MPOCTHI, KaK JIBa-
Kbl Ba — YeThipe. [loMoraror MHE XUTPUTH TOJIBKO IMPOIILIbIE BOCIIO-
MUHaHUSA, KOTJIa OHU OBUIM HEU3BECTHBI U BCEM Ka3aJIUCh HeIOCsTae-
MBIMHU M 3arajJiodyHbIMU. UyBCTBO YIMBJICHHUS M 3aT€M BOCXHUILICHHUS HE
MIPOIIUIH JIJII MEHS IApOM: s 3aHSUICS pa3paOOTKOM U MPUITIOKEHUEM UJICH
pacno3HaBaHus o0pa3oB B MeauiiiHe. B 1972 roay Beinia kaura “Pac-
MO3HaBaHWE 00Pa30B W MEAMIIMHCKAS AUArHOCTHKA [6], Tuioa Tpyaa H
AHTy3Ma3Ma MaT€MaTUKOB, Bpadell W WHKeHepoB. Ceiyac BO3pOCIINE
BO3MOKHOCTH NepcoHaIbHBIX OBM noOynuian Hac Ha OCHOBE MpHoOpe-
TEHHOT'O ONbITa K pa3paboTke camMooOydaromierocs, aBTOMaTU3UPOBaH-
HOTO KOHCYJbTaHTa Bpaya B MOCTAHOBKE JMArHO3a, MPOTHO3a TE€YEHUS
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00JIe3HU, TTOKa3aHHOCTH OINEPATHUBHBIX BMEIIATEILCTB, BHIOOPE METO/a
nedeHus u ap. [7]. EcrecTBeHHO, UTO MHE XOUYETCs, YTOOBI ceiigac 3TH e
YyBCTBA YAMBIICHUS M BOCXMIEHUs noceTwin u Bac. Utak, Tpebyercs
OMuCcaTh Ha MaTEMATUYECKOM S3bIKE, TO €CTh MOCTPOUThH, MaTeEMaTHuye-
CKHE€ MOJIEJIN 00beKTa, 00pa3a, pacno3HaBaHUs U OOyUEHHUS.

MATEMATUYECKUE MOAENN PACINMO3HABAHUA

Yro Ttakoe uzobpaxxkenue? st mpoCTOTHI YepHO-0enoe, Takoe, Kak B
ra3ere, MOJyYeHHOE MyTEeM HAHECEHUs WM HE HaHEeCeHUs Ha Oymary B
OTIPENICIICHHBIX €€ MecTax uepHbIX Touek. [lepeHymepyem ot 1 10 N Bce
MECTa, TJI¢ MOKHO CTaBUTh YEPHbIE TOUKU. B S-M MecTe MOXKET CTOATH
WJIM HE CTOSITh YepHAasi TOYKA, 3TO OMUIIEM TEM, UTO Xs = | WIJIH, COOTBET-
CTBEHHO, Xs = (. B pe3ynbrare moboe n300pakeHHne ONUCHIBAETCS MOCe-
JOBATENbHOCTBIO YUCEN X1, X, ..., X;. AHAJIOIMYHO CE€TYaTKa HAIIEro I71a3a,
cocTofIas U3 KOJIOOYEK M MajloueK, BOCIPUHUMAET JIr00oe n3o0paxe-
HUE KaK HEKOTOPYIO MOCIeA0BaTeNbHOCTh uncen. Emie otdyernuBel 310
s (paceTyaToro rasza CTPEKo3bl. Temepb BBEAEM N-MEpPHOE MPOCTpaH-
CTBO X C KOOPIMHATAMHU X1, X2, ... ... , Xn. JIE0OO€ H300pakeHre mpecTaB-
JsieTcd B HEM HEKOTOpoil Toukoil X. Ecim Obl M300pakeHHe COCTOSIIO
TOJIBKO U3 TPEX YEPHBIX U OEIBIX TOYEK, TO MPOCTPAHCTBO X U TOUKY —
M300pakeHUE X MOXHO ObUIO OBl HamISIAHO HapucoBartb. Ho koopauHat
X1, X2, ..., Xn TBICSTYM U COTHU ThICSIY. Hy 1 uTo? M300pa3um ero tak xe,
TOJIBKO C N OCSIMH U TAKOW kK€ TOYKOM X — n3o0paxkeHueM. Takum oOpa-
30M, KOHKPETHBIN OOBEKT-PUCYHOK — 3TO TOYKA X B MHOTOMEPHOM IIpO-
cTpaHCTBE X BCEBO3MOXKHBIX PUCYHKOB.

A 4TO Takoe 00pa3? ITo 0000IIEHHOE TIpeCTaBIeHUE 000 BCEX €ro
KOHKPETHBIX M300paXEHUSX WM HEYTO OO0BEMIIIOIIEE BCE 3TH M300pa-
KEHUSI, TO €CTh MHOXKECTBO TOYEK X B MHOTOMEPHOM IMPOCTPAHCTBE X,
COOTBETCTBYIOIIIUX BCEM ATHUM H300pakeHUsiM. bynem MBICIUTH 3TO
MHOXKECTBO TOYEK B BUJIE€ HEKOTOPOTo O0JIaKa, Ha3BaB €ro, Hampumep, A
(puc. 1). Jpyromy oOpa3y OymeT oTBeuarb Iapyroe objako, mycTh B.
Hanpumep, A — BCeBO3MOXKHBIE CTYJIbs, a B — Bempa.
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Puc. 1.

Takum oOpa3oMm, CTPOSTCS MaTeMaTHYeCKUE MOJIeNIM KOHKPETHOIO
U300pKEHUS U MHOXKECTBA M300pa)KEHUM, COCTaBISIOMUX oOpasbl. Te-
nepb Mbl MOXXEM OTBETUTH Ha BOIPOC “UTO TAaKOE pacrno3HaBaHuUe oOpa-
30B?” DTO yMEHHUE BBISICHUTh, K KakoMy W3 oOsakoB A uimu B npunase-
JKUT TOYKA X, OTBEUAIOIIAsl MOKA3bIBAEMOMY U300pakeHHIO — 00BeKTy. Kak
y3HaTh, JIGKUT JIK TOUKa X B obnake A uiu B? Benp HapucoBaTh Ha caMoM
JieJIe UX HENb3s, ¥ MPOCTpaHCTBO X BooOpakaeMoe, BooOpakaeMble B 00-
gaka A u B B Hem, 1a m TOYKa X TOXKE, HO CJEJIaTh 3TO BCE K€ MOJKHO,
Hanpumep, Tak. Paznenum obnaka A u B runepriiockocTbio WM, €ciii He
BBIXOJIUT, TUIIEPIIOBEPXHOCTHIO S (puc. 2). C oHOM ee CTOpOHBI 001aKo A,
c npyroii — B. Kak sto caenars? ®antazua? Bor u Her! ['uneprioBepx-
HOCTh S — ATO MHOXKECTBO TOYEK, Ha KOTOPBIX ‘“‘3aHYyJsETCS’ HEKOTOpas
dynakrwst f(Xq, Xy, ..., Xn). C omHOM cTopoHs! ToBepxHOCTH S f> 0, ¢ ApyToOii
f < 0. Tak uyto, Harpumep, X € A, ecmu f < 0, u X € B, ecim f > 0. D10 He
€IMHCTBEHHBII CIIOCO0, HO OH OYE€Hb XOPOIIHMIA U JJAET HAM OTNPEIACIICHHYIO
MaTeMaTUYeCKyI0 MOJIeTb pa3audus, pacro3HaBaHusi 00pazoB. Hamo Toss-
KO €I1le HayYUThCsl HAXOAUTD ATy TIOBEPXHOCTh S U €€ YpaBHEHUE

f(X, Xo, ..., Xn) = 0.

Puc. 2.
SIcHO, YTO HAWUTHU 3Ty MOBEPXHOCTHh MOXHO, TOJIbKO “‘TIOKa3bIBas’
Touku obmakoB A u B. [lokazars cpa3y Bce o6mako A unu B Mbl He Mo-
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EM, OHU BOOOpakaeMbl€, U TOYEK B HUX MOXET OBbITh CIUIIIKOM MHOTO.
Ho noxkasarh He oueHb OOJIBIINE KOJUYECTBA TOUEK MHOXKECTB OO0JIAKOB
A u B MOXXHO, MPOCTO NIEPEUUCITUB UX.

Tenepp MOXHO c(HOPMYIUPOBATH, B YEM COCTOUT MOJENb O0yUYEHUS
pacrno3HaBaHUIO0 00pa30B. ITO HAXOKIACHUE PA3ACIAIOIIECH TOBEPXHOCTH
S MO KOHEUHBIM OrpaHUYCHHBIM MOKa3aM Touek oOyiakoB A u B. (Bce
BpeMs peub Ila O paclo3HaBaHUU JABYX 00pa3oB, HO, yMEs paclo3HaTh
1Ba, HETPYAHO pACMO3HaTh J000€ UX KOHEYHOe uucio. JlocrarouHo,
HaIlpuMep, KaXJA0€ U3 MHOXKECTB OTIMYaTh OT BCEX OCTAJbHBIX. JTO HE
JYYIIUN CIOC00, AaKe MI0XOM, U MOXKHO MPUIyMaTh JIYUIIUH, IPHU KO-
TOPOM pa3JIEISAIOUIMX IOBEPXHOCTEN TpeOyeTCsl MHOTO MEHBbIIIE. )

Hama nienb 1O0CTUTHYTA: MOCTPOEHBI MAaTEMAaTHYECKHE MOJENIN 00b-
ekTa (n300pakeHus), obpasa, pacro3HaBaHus 00pa3oB U OOy4YeHUs pac-
no3HaBaHuIo 00pa3oB. Ho Bce e, kKak KOHKPETHO HAXOAUTH TPeOyeMyto
Pa3IEISAIONIYI0 IOBEPXHOCTh, Mbl HE 3HAaeM. TyT BO3MOKHBI Pa3HbIE CIIO-
cOOBI, HO TIPEXJI€ TaBaliTeé HEMHOTO OCMBICIIUM TOJYyYEHHBIE MaTeMaTu-
4yeckue Mojend. MareMaThyecKue MOJAEIM — 3TO ONUCaHUs Ha a0CT-
PakTHOM MareMaTthyeckoM si3bike. Kynma yx manmeme? Mojenu He TOJIbKO
abcTpakTHbBIC, HO U (haHTacTUUYECKHE, BooOpaxaembie. Ho 310 HE m10xo,
a, OKa3bpIBACTCSA, OYEHb XOPOLIO. XOPOLIO ITOTOMY, YTO IIOJ 3TH MOJEIH
HOJXOJIAT HE TOJIBKO 3pUTENbHBIE OOBEKTHI, HO U 3BYKOBbIE, OOOHSATEIb-
HbIE U OCS3aTeNIbHbIC, U T€ MPEJCTABICHUSI 00 00BEKTAX, KOTOPhIE AAIOT
HE TOJIbKO HAIllM OPTraHbl YyBCTB, HO U MPUOOPHIL, MPOLIE, BCE, UTO MOKET
OBITh OMUCAHO WJIM, KaK TOBOPSAT, 3aKOAMPOBAHO YHUCIAMH, a YUCIAMHU
MOXET OBITh 3aKOJUPOBAHO BCE, YTO MOXKHO OIUCATh CIIOBAMM U JIFOOBIMU
3HaYKaMH, TO €CTh BCE, YTO MbI MOXKEM 3HaTh. TakoBa BCEOOBEMIIIOIIAS
MOIIIb ATUX MaTemarnueckux monened. HyxeH nuarxHo3 Oosie3Hu — mo-
&KaTyicTa, TOJIbKO ONMUIIUTE OOJIBHOTO U JANTE JOCTATOYHO CIy4aeB ATOU
OoJie3HU, KOTOPBIE 51 UCTIOJB3YIO KaK MpeacTaBuTesen ee oopasza. HyxHo
y3HaTh, €CTh JIM B MIYOMHE 3€MJIM 30JI0TO, — MOXKAIYHCTA; B YEM HEUC-
MIPABHOCTh MAIIWH — MOXKAJTyHUCTA; HE PAKOBAS JIM ATO KIIETKA — MOXKaIyH-
CTa; YeH 3TO MOUYEPK — IMOXKATYNCTA; HE KYJMK JIK ITOT YEJOBEK — I0XKa-
JyicTa; OyZIeT JIh ATOT YETOBEK XOPOUIUM BOJUTEIEM aBTOMOOUIIS — TO-
JKaJTyHCcTa; KaKue CBOMCTBA Y €IIE HE IMOJYYEHHOIO XMMHUYECKOIO Bellle-
CTBa — MoOXaiyicTta ... TakoBa HeoObIYaiiHas MIMPOTA MPUIOKEHUN Ma-
TEMaTUYECKUX MOJEJIeH pacrio3HaBaHUs 00pa30B.

Tenepp, s qymMaro, Bel TOTOBBI Y3HATh, KaK K€ HAUTU Pa3ACIIAIOLIYIO
MTOBEPXHOCTh, BO BCSIKOM ClIy4yae, BAJKHOCTh 3TOro Bam scHa.

466



AJIITOPUTM OBYYEHUA

Brimie ObUIM OnMcaHbl MaTEMAaTHYECKHUE MOJICNIM 00bEeKTa M o0pasa.
OOBEKT — 3TO TOYKa MHOTOMEPHOTO MPOCTPAHCTBA €r0 MPU3HAKOB, 00pa3
— BTO MHOXECTBO, 00Jak0 Takux To4eK. Pacmo3HaBarh 00pas3bl — 3TO
yKa3bIBaTh, K KAKOMY M3 00JIaKOB-00pPa30B MPUHAJJICKUT 3aJaHHAS TOY-
ka. O0yueHre moKazamMu — 3TO KOTJa MPEIbSABISIOTCS KaKHUe-TO TOUYKHU X
U YKa3bIBa€TCsl, K KAKOMY M3 MHOXECTB-O0pa30B OHU MPHUHAIJICKAT, a B
pe3ynbrare BbIpa0daThIBae€TCsl CIIOCOOHOCTH OMNPENEIATh, K KaKOMYy W3
MHOXKECTB-00pa30B MPUHAJICKUT HOBAs, B TOM YKCJIE U paHEe HE MOKa-
3bIBA€Masi, TOUKA.

[lepeiinem Temepb K BOIMPOCY O TOM, KaK OCYIIECTBUTH OOyUYECHHUE
IIOKa3aMu, C MIOMOIIBIO KAaKOTO alrOpUTMa €ro JOCTUTHYTh. Kak yxe ro-
BOPWJIOCH, 3TOTO MOYKHO JTOCTUTHYTh MYTEM IOCTPOCHUS Pa3AECIsIOLIEH
noBepxHocTh. Ho kak ee naitu? OO0 »TOM M moiiAeT peub. bymem uc-
KaTh, HAIIPUMEP, PA3ACISAIONLYI0 NOBEPXHOCTh B BUJIE

f(x,a)=a; @ 1(Xg, ..., X0) T ... TAn@m(Xs, ..., X,) =0

rJe X — TOYKa MHOTOMEpPHOIO MpOCTpaHcTBa X C KOOpAUHATAMMU-
MIPU3HAKAMH X3, ..., Xp, @ @3, ..., 8y — HEU3BECTHBIE MTAPAMETPHI, KOTOPHIE
MBI XOTUM TI0J00paTh TaK, 4YTOOBI OHa ObLIa KCKOMOM pa3ielgronieil, To
ecTh 4TOOBI JuTs Bcex Touek X € A f(X, a) <0, a s Bcex X€ B f(x, a) > 0.
OyHkIH @ (X1, ..., X,) U3BECTHBI M MOMOOpPAHBI TaK, YTO MBI MOXKEM
HAJIEATHCS HAUTH TpeOyeMyro pa3ieisioNlylo MoBepXHOCTh. CoracHo
CKa3aHHOMY, WMCKOMbIE 3Ha4YeHUs &;*, ay*, ..., an™ mapaMeTpoB MOXKHO
HaWTH U3 CUCTEMbI HEPABEHCTB

f(x, a*) < 0 mpu XE A,

f(x, a*) > 0 mpm X € B,

ScHas maremarmyeckasd 3ajada nocrtabieHa. OgHAKO Kak ee pe-
muTh? Toyek X o4eHb MHOIO, BCE HE MEPEUUCITUIIb, TAPAMETPOB 85 TaK-
xe He Mano. [lepcentpon Pozenbnarra aenan 3To CienyomuM o0pa3oMm.
Bo3sMeM mpoun3BoIbHBIE HaYaIbHBIC 3HAYEHUS TTapaMeTpoB ag, S = 1, 2,
..., M, 1 OyzieM mocea0BaTeIbHO TTOKA3bIBATh TOUKHW MHOXKECTB-00JIAKOB
A u B, yka3zpiBas kaxIblil pa3 ¢ TOMOIIbIO BEJIMYUHEI ¢ , K KAKOMY U3 00-
pazoB

A wnu B ona npunagnexur. Eciu § = — 1, To noka3siBaemMoe X Ipu-
HajIexkuT A, eciu & = +1, To X € B. IIpu 3Tux mnokazax oJHOBPEMEHHO
BBISICHSIETCSI, @ BEPHO JIM, B COOTBETCTBUM C YCJIOBUSIMU (3), pacrio3HaeT
00BeKT X mepcentpoH. Eciu BepHO, ero He TporatoT. Eciu HeBepHO, Me-
HSIIOT TTapaMETPhl 8g B COOTBETCTBUU € (hopMyIaMu
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a,=a,+&p(xy...,x,),s=12,...,m

Jlanbiie 3a mapaMeTpbl NEPCENTPOHA 85 NIPUHUMAIOT 85 U MOKa3bIBa-
I0T CIEAYIOINN OOBEKT, U OMATh MO0 HE MEHSIOT, JTUOO0 MEHSIOT Hapa-
MeTphl coracHo (opmynam (4). [Iporecc oueHb MPOCTON U CMBICH €T0
TOXeE, TaK KaK MPH KaXI0i ommOke HeBepHOe 3HaueHue Gpyukuuu f(X, a)
32 CYET M3MEHEHMS MapaMeTpPOB CTAHOBUTCS ‘“‘MEHEE” HEBEPHBIM.
NmeHnHo:

f(x, @) —f(x, @) = I (a + £ps(x) )es(x) == f(x, ) +{Z¢’ (x).

[Toatomy, eciu f(x, @) > 0m & =-1 (X € A), To f(X, @) < f(X, @), a ecin
f(x,a) >0u ¢ =1 (xeB), 1o f(x, @) > f(X, a). TpyaHo MoOBEpUTH, UTO Ta-
KOHM MPOCTOM aJrOpUTM BEAET K LIEJIM, HO 3TO TaK IMPU BEChbMa OOLIUX yC-
JIOBUSIX U, CaMO€ BaXKHOE, YIAaYHOCTU BbIOOpa 001Iero Buaa (2) paszie-
asrorier pynknuu f(X, a). YmauHoCTh 03HaYaeT MPUHIMITHAIBHYIO pa3-
pemMMocCTh ¢ 3anacoM HepaBeHCTB (3). C 3amacoM — 3TO 3HAYUT, OHU
BBITIOJTHSIFOTCSI HE TOJIBKO JIJII HEKOTOPOTO a*, HO M BCEX &, JOCTAaTOYHO
ONMM3KHX K a*.

Jlocturaemasi 1efib COCTOMT B TOM, YTO B OINKMCAHHOM MPOILIECCE
MEePCEeNTPOH COBEpIIaeT HE OoJjiee, YeM HEKOTOPOE KOHEUYHOE YHCIIO
omu6ok N . Eciu mepcenTpoH yke UX COBEPIIUI, TO MOCIE ATOTO OH YXKe
HUKOTJ]a HE OIIMOAaEeTCsl, y3HaBask MPABUIIbHO TaXKe T€ OOBEKTHI, KOTOPHIE
OH HUKOTJIa paHee HE BUJICI U KOTOPhIE €My HE MOKa3bhIBAJIH.

Nnesa nokazarenscTBa oueHb IpocTa [8]. PaccmMoTpum u3MeHeHHeE
BEJIMYUHBI V, paBHOMU

V =Z(as-Aas *)* = 0, 1 > 0,

IPU COBEPIICHUH MEPCENTPOHOM OLIMOKHU

AV =X(as-¢ps -Aaz)’ —X(a, — 2a3)? = 2&(Ta, ¢, — Taip.} + T2,

[lepBbIii 4iieH 3TO CyMMBI OTPUUATENICH, TaK KaK B CHJIy OIIMOKHU
nepcentpoHa 3Haku ¢ U L aws = f(X, @) mpOTHBOIONOKHEI, a 3HAKU ¢ U L
a*p s =f(X, a*) oguHAKOBBI, U IO BEJIMYMHE HEOTPAHUUCHHO PAacTET BME-
cTe ¢ A . DTO MO3BOJISIET BBIOpATh A TaK, 4TO yObIBAHHWE BEJIMUUHBI V MpH
Ka)K70¥ omubKe rnepcentpoHa He MeHee, uem Ha ( > 0. 13 storo u cie-
JyeT KOHEYHOCTh YMCIia OIIMOOK, TaK Kak BeauyuHa V HE MOXET CTaTb
OTPULIATEIILHOM.

3AKINOYEHUE

Ectb moroBopka: “3a ofHOro OMTOro JBYX HEOUTHIX Har0T . Pa3 mo-
O, 3HaYUT, B 4eM-To ommnocs. [loaTomy moroBopky MokHO Tepedpa-
3UpOBaTh U TaK: “3a OAHOrO OLIMOABIIETOCsS JABYX HEOIIMOABIIMXCS J1a-
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10T”. Y4eHUK, 4TOOBI MO3HATh HOBOE, JOJKEH OIIMOUTHCS MOJIOKEHHOE
eMy uucio pa3. [loaTromy y4eHHKY MbI cTapaemcs AaBaTh MOCTENEHHO
3a/1a4u ¢ pa3yMHBIMU MOJBOXAaMHU, TaK, YTOOBI, OIITMOAsICh U OCMBICIIMBAS
om0k, OH ObICTpee MoyMHelNl. BrickazaHHBIM 51 X04y oOpatuth Barie
BHUMAaHHUE Ha TO, YTO 3aKOHBI O0YUYEHHUS MEPCENTPOHA U YUCHHUKA CXOXKH,
YTO B OCHOBE 00y4eHHsI 000MX, BO3MOXKHO, JIe)KaT 00II1e 3aKOHOMEPHO-
CTU OOy4YeHHMsI, MOPOXKIaeMble OOIIHOCTHIO UX MaTEeMaTHYECKUX MOJe-
JIeH, TeX caMbIX, O KOTOPBIX 51 BaM paccka3ai. Po3eHOnarT men oT nmpuH-
IIUIIOB Pa0bOThl MO3ra, HEUPOJAUHAMUKHU, U MPUyMall NEPCENTPOH. MbI
K€ OT MEepCenTpoHa, OT €ro MpUHIMIA OOy4YeHUss W OOUUX MaTe-
MaTUYECKUX MOJIeNIed BEpPHYJIHCh K yejaoBedeckoMy mo3ry. Kpyr 3a-
MKHYJICS, 000TaTUBIINCH HOBBIMU 3HAHUSIMH, YAUBUTEIBHBIM (DAKTOM O
KOHEUYHOCTH YHCJIa OMIMOOK Mpy 0OyYEeHHH, O CBSI3M ATOTO MPEAETHHOTO
yHcia OmuOOK ¢ BbIOOpOM oOyuyaemoit Gynkiuu f(X, &) U BIMSHUM Ha
oOydeHue Mmopsijika mokasa mpeacTaBuTene oopasa.

BceoObemimiomasi 3HaYMMOCTh OOIUX aOCTPaKTHBIX MOJENeH Ma-
TEMATHUKA HE TOJBKO B UX KOHKPETHBIX MPUJIOKEHHSIX, HO elle Oouiee,
MOXKAJIYH, B UX IBPUCTUYECKUX BO3MOXKHOCTAX. B CBOEU Hay4yHOU aesi-
TEJIBLHOCTU 51 CTOJIKHYJICA C PacCMaTpPUBAaeMbIMH OOIIMMH MPUHIIUIIAMU
oOydeHus, pa3zpadarbiBasg aJanTHUBHBIE (CaMOOOYYalOIIMECS) CUCTEMBI
ympasiieHus. Tak BOT, JJ1s1 YOBICTPEHUS UX alalTallud U YAy4dIICHUS UX
paboTHI JIyullle, €CIM OHU B CAMOM Hayajie MTOKaXKYT BCE CBOU “‘(POKYCHI”
Y HapyIIEHUs XOPOUIEro yIpaBlCHHs, 3aTE€M, MOCJIE 3TOr0, OHU OydyT
paboTaTh HaJIe)KHEE U JTyYllIe.

TonbkO CTOJIKHYB TIpU OOy4deHHHM OyAyIlIero orneparopa aToMHOMN
CTaHIIMU C BO3MOXKHBIMU aBapUUHBIMHU CUTYAlUSIMU, €T0 MOXKHO JOIY-
CTUTh K CaMOCTOSITENIbHOW paboTe: omuodarhCs HY>KHO MPU 00yUEeHHH, a
He Ha pabore. s 3TOro, KOHEYHO, HEOOXOAUMO MPOBECTU TPEABAPU-
TeJIBbHO OOJBIITYI0 MCCIAEA0BATEILCKYI0 Pa0OTy HE TOIBKO TEXHUUYECKOU
CTOPOHBI, HO U JUHAMHUKH aTOMHOTO peakTopa M CTaHIMUM (CO31aB J10-
CTaTOYHO XOPOUIYyI0 MX MaTeMaTU4YeCcKylo Mojeinb). M eme: B maHe
NOTYEPKUBAHUS BaXKHEHIIIEH SBPUCTUUECKOM POJIU OOIIMX aOCTPaKTHBIX
MaTEeMaTUYECKUX MOJCNEH s XO0Tea Obl 00paTUTh BHUMAaHUE HA TO, YTO
MOHMMAaHUE OOIIMX Mojenell 0Oy4eHUs HATAJIKMBAET Ha MBICIIb O XKeJja-
TEILHOCTH K CBOEMY MpoliecCy OOy4YeHUS OTHOCUTHCS KPUTHYECKH,
OIICHMBAsl Kak Obl CO CTOPOHBI €ro PE3yNbTaThl M, B 3aBUCHUMOCTU OT
ATOUW OIICHKH, KOPPEKTUPOBATH CBOU JajbHeWuIne nacuctBus. MIMEHHO
aTa 00IIas ujes Mmodyaria Hac B pa3padaTbiBaeMO caMOOOyUaroIencs
CUCTEME MPUHATUS PEUICHUN B TPYIHO (HOpMAIU3yEeMbIX YCIOBUSX BBE-
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CTH OTHEJbHBIA OJOK KPUTUKU. ITOT OJIOK aHATU3UPYET OMMUOKHU U MO/I-
CKa3bIBa€T KOPPEKTUBBI, KOTOPHIE HY>KHO BHECTH B aJITOPUTM paclo3Ha-
BaHUS: PACHIMPUTHh OMHCAaHWE OOBEKTa M KaK MMEHHO, 3alpPOCHTh J0-
MOJIHUTEINIbHBIE 00yYalolue JaHHbIE U KaKue UMEHHO, U3MEHUTh KOJH-
POBKY MPHU3HAKOB, B KAKUX CIIy4asx K OTBETaM aJropuTMa MOKHO OTHO-
CUTBCS C TTOJTHBIM JIOBEPHEM U B KAKMX HEJb3S U JIP.

[Tocne BhICKa3aHHBIX OOIIMX COOOPAKEHUM O Mpoliecce 00yUYeHUs U
pacro3HaBaHUsl YKa)XeM, YTO K€ pacrlo3HABAaHMUE IMO3BOJIAET IMOJYUYHUTh,
HampuMep, Uil TUAarHOCTUKH paka >KelylaKa, OTACISIONIeH ero ot aApy-
'YX, CXOJHBIX TI0O CUMIITOMaM, 3a00JI€BaHU: S3BbI, MIOJIUIO03a, TACTPUTA,
n00poKadecTBEHHON omyxoiu. OKa3bIBa€TCs, YTO TOJBKO MO PE3yJbTa-
TaM UMMYHOJIOTHYECKOTO aHaIM3a KPOBH, TAFOIIETO ACBATh YUCEI X1, Xa,
..., Xg — KOJTMYECTB B HEH pa3HBIX TUIOB KIJIETOK (JECHKOIUTOB, JUMEO-
ITOB, B-MTMMGOIIUTOB 1 p.), MOKHO C JOCTOBEPHOCTHIO TTopsiaka 98%
BBIACHUTB, paK Ju 3T0. Jlnaruos “pak” wim “He pak’, 3aBUCUT OT 3HAKA
dyuxuuu f(X, &), paBHOH

f(x, a) = 0,02x, + 0,207x, + 0,31x3 + 0,75%, + 0,618x5 + + 0,154x¢ +
0,212x; + 0,403xg — 0,492x4 — 0,5,

KOTOpBIﬁ JICTKO BBIYUCIIACTCA 11O JAHHBIM dHAJIN3a KPOBH.
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