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1. Beeagenne B kypc "MATEMATHYECKHUE METO/IbI B PEHIEHUN
IQJIEKTPOTEXHUYECKHUX 3A/IAY HA 39BM".

Tonbko pa3BUTHE UK W METOIOB
BBICIICH MaTeMAaTHUKH, JIaJl0 BO3MOXKHOCTH IMOCTPOUTH
MaTEeMaTUYeCKYl0 TEOPUI0 JWHAMUKH W OCBETHTH
TakuM O0pa30oM MHOTHE METO/bI, KOTOPhIE HE MOTIHU
OBITh  OTKPBITBI ~ 0€3  3TOro  MaTEeMaTHYECKOTO
noctpoenus. WM, ecam MBI 3aXOTUM  Pa3BUTH
JTUHAMHYECKHE TEOPUH JPYTruX HAYK, MbI JOJKHBI
BJIOXHOBUTh Halll yM OTUMH JUHAMUYECKUMHU
HCTHHAMU TaK K€, KaK 1 MaTeEMaTUIECKUMH METOJaMHU.

Jxopx Makcseiun

Ileny Kypca — cBs3aTh aOCTpPAaKTHOE MaTeMaTHYECKOE ONUCAaHHE C  KOHKPETHOMH
ANEKTPOTEXHUYECKON 3ajaueii Ui ee perieHHs.

OOBEKTOM  MPUIOKEHUS MaTEMaTUYECKOW MOJENU CIIyXaT peajbHble OOBEKTHI (HAmpumep,
cxeMa cHaOKeHUs IPeIIPUITUS U T.1I.)

Cam mpolecc pelieHUs TEPEUUCICHHBIX BBIIMIE 3a7a4  HA3bIBACTCS MaTEMaTUYECKUM
MOJIETTUPOBAHUEM.

1.1. MaremaTtnuyeckoe MOJAeJTUPOBAHUE

Mamemamuueckoe moodenuposanue NPOLECCOB U SABICHUM B pa3IMYHbIX OOJACTAX HAYKH U
TEXHUKHU SIBISIETCA OJHHUM M3 OCHOBHBIX CIIOCOOOB IOJIYYEHMsI HOBBIX 3HAHUM M TEXHOJIOIMUECKUX
peLieHui.

JUig ocyliecTBIEHUS MAaTeMaTH4YEeCKOrO0 MOJIEIMPOBAHUS MCCIEA0BaTENb HE3aBHUCHUMO OT €ro
CMELMAIBbHOCT JIOJDKEH 3HaTh OIpeNeIeHHbIi MHUHUMAaJIbHBIH HAa0Op METOAOB BBIYMCIUTEIHHON
MaTeMaTHKH, a TAKXKE BJIAJIETh CIIOCOOaMH 1 MPOTPaMMHOM peann3arueit Ha OBM.

OTH 3HAHUS M HaBBIKM HEOOXOIMMBI TAaK)K€ NMPH HUCHOJIB30BAHUU TOTOBBIX MAKETOB MPOTpPaMM,
nHaye OyAeT 3aTpyAHEHO IUIAHUPOBAHUE BBIYMCIUTEIBHOIO SKCIEPUMEHTa M HHTEpPIIpPETalUs €ro
pE3yJIbTATOB.

Ilenv moodenuposanusn — TmonydeHue U 00paboOTKa, MNPEACTABIEHUWE U HCIIOJIb30BAHUE
uHpopmanuu 06 00bEKTax, KOTOpble B3aUMOJICHCTBYIOT MEXIy COOOM M BHelIHeH cpenoi, a Modens
(YnpolieHHOe MpeJCTaBIeHHE O pPEaJbHOCTH) BBICTYNAeT KaK CpEACTBO IOKa3aHUs CBOMCTB U
3aKOHOMEPHOCTEHN MOBEJCHUS 0OBEKTA.

Wepapxust noHATHIA:

PeanbHocTh -> DPu3nyeckas Moaeab -> Maremaruyeckas Moaeab -> YuciaeHnasa cxema ->
nporpamMMHas cTpykrypa -> [Iporpammuas moaes -> Mojesib apXUTeKTYpbl KOMIIbIOTEPa

Mogens npencTaBiseT coOOW MPOEKINI0 00bEKTUBHOW PEATIbHOCTH O] ONPEAETICHHBIM YIIIOM
3peHus. MlHOrIa B 3aBUCMMOCTU OT L€Jed MOKHO IUTyYUTh PAJ MPOEKIUI 0ObEKTHUBHON peajbHOCTH,
BCTYMAIOIIKX B IPOTUBOPEYHE. ITO XapaKTEPHO, KaK IMPABUIIO, JUIS CJIOKHBIX CUCTEM, Y KOTOPBIX Ka)K1as
MIPOEKIIMS BBIAEISET CYIIECTBEHHOE /IJIsl ONIPEAETICHHON 1EIM U3 MHOKECTBA HECYIIECTBEHHOTO.

OCoO6EeHHOCTh MAaTEMAaTUYECKOTO MOJICIIMPOBAHMS COCTOUT B TOM, YTO a0CTPAKTHBIM OTpaKEHHEM
CYLIECTBYIOILIETO MJIM CO3/1aBa€MOr0 OOBEKTa SBJISETCS €ro MaTeMaThdyeckas MOJENb, KOJIUYECTBEHHbBIN
aHaJIM3 KOTOPOM MO3BOJISET MOJYYUTh HOBBIE 3HAHS 00 3TOM OOBEKTE.

YnobctBa, mpenocraBinsembie coBpeMmeHHbIMH [IIIIT mams OBM ux mnomws3oBarensiM 4Yacto
NPUBOAAT K CTPEMJICHHIO OOpAaTUTHCS NMPH KOJMUYECTBEHHOM aHAIM3€ MOJIENH K CYIIECTBYIOIIUM H
MOCTOSTHHO COBEPIIECTBYEMbIM YHUBepcalbHbIM nakeram tima MathCAD, MathLAB u ap. bonee Toro,
YHUBEpCcaIbHOCTh MM 103BOJSIOT co3aBaTh nporpamMmmubie kommiekesl Tuna NASTRAN wim ANSYS,
B KOTOpBIE HCXOAHAs MHGpopMalMs BBOAUTCA Jaxe He B Buae MM, a B BuAe pacueTHON CXeMsI
TEXHUYECKOro o0bekTa. OJTHAKO METO, KOTOPBIA TOJUTCS JUIsl PELICHUsT MHOTMX CTaHAAPTHBIX 3a/ad,
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YacTO HE SIBJICTCS HAWIYYLINM [P PELICHUH KOHKPETHON 3a7a4u, 0COOEHHO HECTaHapTHOM, a HEpeaKO
1 BoOO1IEe He MpuMeHUM. Ho B HHXKEHEPHOH MpakTUKe peuaTh MPUXOJUTCS B OCHOBHOM HECTaHAapTHHIE
3aJaud, MOTOMY YTO CTaHJAPTHBIE BCE PEUICHbI WJIM MOTYT OBITh PEUIeHbI 0e3 OCOOBIX TBOPYECKHX
yeunuil. Ilpu pemeHry HOBBIX M CIIOXKHBIX 3a]1a4, HE MMEIOLIMX OJIM3KUX aHAJIOroB, IyTh (POPMAJILHOTO
oOpalieHus: K yHUBEpCAJIbHBIM MAaKeTaM M MPOrPaMMHBIM KOMIUIEKCAM MOXKET MPUBECTH K MOIYYECHHUIO
pe3yJIbTaTOB, KOTOpPBIE HE YOACTCsl HHTEPIPETUPOBATh IPUMEHUTENIBHO K PaKCCMAaTPUBAEMOMY
TEXHUYECKOM YyoOBeKkTy. B Takux ciydasx ananu3 MM HyXHO CTPOUTh Ha YMEIOM COYETaHUH
KAYECTBEHHBIX OLCHOK, aHAJINTUYECKUX METOJOB U NMpuMeHeHuss DBM, MOMHS, 4TO LieNb PacyeToB — HE
guclia, a MoHuMaHue. Bce 3To roBOpUT O TOM, uro DBM, 0cBOOOXKIas HAcC OT MHOTUX 3a00T U
00513aHHOCTEH, HE OCBOOOXKJAET BO BCEAKOM Cllyyae OT JBYX U3 HUX — OT HEOOXOIUMOCTH BIIAJETh
MaTEMaTUKOW U TBOPUYECKU MBICIUTb.

IMPUMEP PACYHETA TEIIVIOBOI'O PEJIE

4
BN
1. II- oGpa3HbIit oA | Yolgl oC
MarHuTONpPOBOJI. 1
2. ObmoTka \ \
AJEKTPOMAarHuTa. oF or
3. IlpyxuHa. M
4. Skops.
5. Kommytupyembie
KOHTAKTHI. 2
Pucynok 1.1 — TennoBoe pene
B pacuer »5ekTpoMarHuTHOTO pese BXOAMT:
1. Pacuer snektpomarauTa (ToK, pabouyee HapsHDKEHUE U T.11.)
2. Pacuer MarHUTHOM cucTeMsl (pa3Mepsl, MaTepuan).
3. Pacuer KOHTaKTHOW CHUCTEMBI (BETMIMHA, MaTepHa).
4. TemuoBo# pacyer (pexuM paboThI pede).

OI[HI/IM N3 BHUAOB TCIJIOBBIX PACUCTOB ABJIACTCA MCTO/ «KBUBAJICHTHBIX TEILUIOBEIX CXEM
3aMCIICHUA), OCHOBAHHBII Ha aQHAJOTHUM TEIJIOBBIX H QJICKTPUYCCKUX TIPOLECCOB. B pE3YyIbTaTe
CTPOUTCA  DJICKTpHUYCCKasd CXEMa 3aMCUICHUA  TCIIJIOBOr0  Iponecca. Amnanorus: TCIIJIOBOMY

CONPOTUBIIEHUIO CTABUTLCA R,

TenmoBoe DJIEKTPUYECKOE

Qi |

11-1, U

CT CBJ'I.

Pa3o0beM pere Ha ABE YaCTH KakK MOKA3aHO
Ha PUCYHKE 2.

CéZ+GT=P
dt

Pucynok 2. Cxema yuacTka peie B 9KBUBAJIEHTaxX
VYpasuenue (1) - TeruioBoro OanaHca

C — Marpuna TerioBbsIX MOITHOCTEHH;




t— Bpems;
T —remneparypa;
G — marpuIa MpoBOJAUMOCTH BEIIECTB (pacdyeT MPOU3BOIMUTCS MO 3akoHYy Kupxroga).

dT

. - Marpuiia NpupameHus TeMIepaTypbl.

dt

3aayy penieHus o JaHHOMY YPaBHEHUIO MOTYT OBITh IBYX BUIOB:
1. Pemienue 3agauu B tuHaMuke (ypaBHeHue (1) UCTIONB3YETCS B LIETIOM).
2. Cranmonapubsiid pexkuMm (ypaBHenue (1) mpuaumaet Bug G*T = P).

MatemaTuueckoil MOJeNbI0 TEIIOBOTO Mpoliecca SBIISAETCS CUCTEMAa ypaBHEHUN B MaTPUYHOM
BUJIE, TpUBeAeHHAs K Buay (1)

| CranpoHapHBbIe 3a/1a41 |

/\>

JIuneitnbie Henuneiinbie
(HE yYUTHIBAIOT (Y4UTBIBAIOT U3MEHEHUE
M3MCHEHHUE TTapaMeTPOB napaMeTpoB B IIPoIIecce
MIPU PEIICHUN ) penieHus)

Teopuss MonenupoBaHMs SBISETCS pas3feioM HayKd, M3Y4arollUM CIIOCOObI HCCIEIOBaHUs
CBOMCTB 00bEKTOB OPUTHMHAIOB Ha OCHOBE 3aMEIEHUS UX APYTUM OOBEKTOM (MOJIEIBIO).

MHorue sBJI€HMS U IPOLECCHl PA3HOW MPHUPOABI ONUCHIBAIOTCS AHAJOTUYHBIMU COOTHOUICHUSIMU
(mpuMep BbIILIE), TO3TOMY JUJISl aHalIM3a, PEIIEHUS M pacyeTa MaTeMaTHUYecKOM MOJAeIu HeoOXOIuMOo
BJIAJECTh PA3BUTBIM MaTEMAaTHYECKUM allapaToM, OXBAaTbIBAIOIIMM BCE BHUIBl THUIIOBBIX 3a1ad IIO
IIPUKJIATHON MaTeMaTHKe.

ATIprOpHBIE CBEACHUS — CBEICHUS U3BECTHBIE JI0 OIIBITA.

Perpeccuonnsiii ananus - f(U) =1- aHaiu3 Ha pealbHble JaHHbIEC; KOPPEISALMOHHBIA aHAU3 —
3aBUCHUMOCTB CBSI3aHHOCTH JIBYX IIPOLIECCOB.

1.2. Moaesn 00beKTOB U MPOLECCOB.

Mopaenb — ynpolieHHOe MPEACTaBICHUE O pealbHOM 00BEKTE, MPOIECCE WM SIBICHUU.

MopaeaupoBaHue — IOCTPOSHNUE MOJEIEH Ul UCCIeI0BaHUs U U3y4eHHs 00BEKTOB, MPOLIECCOB
WJIN SIBJICHUM.

PaccmoTpum Hanbosee pacpocTpaHeHHbIE TPU3HAKHU, IO KOTOPHIM KJIACCU(DULIUPYIOT MOJIEIIH:
* 00JIaCTh HCIIOIL30BAHUS;
* y4eT B MOJIEJIM BPEMEHHOT0 akTopa (IMHAMHKH);
* OTpacib 3HAHUIA;
* CrI0cO0 MpeICTaBIEHUS] MOIETICH.
[To oGnacTu UCTOIb30BaHUS MOCIIA MOXKHO KJITACCH(UITUPOBATH CICIYIONTUM 00pa3oM:
y4eOHble MO/IeJIM — HarJIsAHbIE T0COOUS, pa3IMUHbIe TPEHAKEPHI, 00yUaIoIIe IPOrpaMMBlI;
HAY4YHO-TeXHHYeCKHe MOJeJIH; CO3/1a0T JJIsl HCCIIEeIOBAHMUS MPOIIECCOB U SBJICHUM;
UTPOBBIE MOJEJIU — 3TO BOCHHbIE, YJKOHOMHUYECKUE, CIOPTUBHBIE, 1€TIOBbIE UTPHI;
HMHUTALHOHHbIE MO/IeJIN HE ITPOCTO OTPAXKAIOT PeaIbHOCTh, @ UMUTHUPYIOT €€.
DKcIepuMeHT 100 MHOTOKPATHO TIOBTOPSIETCS, JINOO TIPOBOJUTCS OTHOBPEMEHHO CO MHOTHMH
JAPYTUMH [TOXO0KUMH 00BEKTaMH, HO TIOCTaBJIIEHHBIMH B pa3HbIE YCIOBUSI.

Monenu nenst Ha ABe OOJIbIINE TPYIIBL: MaTepHalibHbIe U HH(OPMallMOHHbIE.



Mopnenun
A 4 A 4
MarepuanbHbie HNudopmannonHbie
v v
3HAKOBEIE Bepbanbubie
A 4 v
KomneroTepubie Hexommnbrorepubie

Puc. 3. Knaccudukamus moaenei

MamepuanvHvle MoOenu VWHaYe MOXHO Ha3BaTh MPEAMETHBIMM, (pusnueckuMu. OHU BOCIPOU3BOAST
reoMeTpuyecKre U GU3NYecKue CBOWCTBA OPUTHHATIA M BCETIa UMEIOT PeallbHOE BOILJIOLICHHE.

B ocHoBe HWH(POPMALMOHHOTO METOAA MOJICITUPOBAHMUS JIKHT HHPOPMAIIMOHHBIA TOAXOM K
M3YYECHUIO OKPYXKAIOIIEH J1eHCTBUTEIBHOCTH.

Hupopmayuonnas mooenb — COBOKYIIHOCTb WH(POpPMANWHU, XapaKTEepU3YIOIIas CBOWCTBA H
COCTOsIHME 00BEKTa, MpoIecca, SIBIICHUS, a TAK)KE B3aUMOCBS3b C BHEITHUM MHUPOM.

WudopmanroHHbIe MOJICN B CBOIO OUEPEb IMOAPA3ACISIOTCS HA 3HAKOGble U 8epOaIbHbIe.

Bepbanvnas moodenp — uHOpMaAIIOHHAST MO/IETh B MBICIIEHHOW MK pa3roBopHoit ¢popme. (K Takum
MOJIETIIM MOKHO OTHECTH M HJCH0, BO3HHUKIIYIO Yy HM300peTarens, U MY3bIKaJbHYI TeMy, U pupmy,
MIPO3BYYABIIYIO [TOKA €Ille B CO3HAHUH aBTOPA. )

3naxosas mooenv — WHGOPMAIIMOHHAST MOJENb, BBIPAKCHHASI CICIHAIbHBIMA 3HAaKaMu, T. €.
cpeacTBaMu J000ro (opManbHOrO S3bIKa (3TO PUCYHKH, TEKCThl, Tpaduku, cxemsl). [lo dopme
MPEJCTaBICHNUS MOKHO BBIJICIUTH CIEAYIOIINE BU/IbI HH(OPMAIIMOHHBIX MOJIENEH:

* ceomempuyeckue — rpadudeckre GopMbl U 00bEMHBIE KOHCTPYKITUH;

* ClI08eCHble — YCTHBIE U MMCBMEHHBIEC OTIMCAHMSI C UCTIOIb30BaHUEM HILTIOCTPAITHii;

* Mamemamuyeckue — MaTeMaTHYecKue (OPMYIIbI, OTOOPaKAIONINE CBSI3b PA3IUYHBIX TTApaMETPOB

00BEKTa WM IpoIiecca;
* CmMpYKmypHbvle — CXeMbl, TpauKH, TAOIUIBI U T. I1.;
* l02uyeckue — MOJIENIH, B KOTOPBIX HPEICTaBIECHbl Pa3UYHble BapHaHThl BHIOOpA JEHCTBHI Ha
OCHOBE YMO3aKJIIOUEHUH U aHAlIN3a YCIOBUH;
* cneyuanbHble — HOTBI, XUMUYECKUE POPMYIIBI U T. 11.;
* KOMNbIOMEPHbLE U HEKOMNbIOMEPHBLE MOOEU.

1.3. OcoGeHHOCTH MOCTPOEHUSI MATEMATHYECKOH MO/Ie/TH

MatemaTuueckoe MOJEIMPOBAHHE MOXHO paccMaTpuBaTh KaK CPEICTBO M3yUEHHUS peajbHOU
SHEPTETUYECKONW CHUCTEMBI IyTEM €€ 3aMeHBI 0oJiee yI0OHOW MOJENbI0, COXPAHSIONIEH CYIIECTBEHHbBIS
YepThl OpUTHHAJA.

Mopenb Ha3bIBaCTCS U30OMOPEHOU, OIMHAKOBOW TO (opMme, eclu MeXAy HE W peaabHOM
CHUCTEMOM CYHIECTBYET IOJHOE MTO3JIEMEHTHOE COOTBETCTBUS.

Monenb Ha3bIBACTCS 20MOMOP@HOIL, eClIU CYIIECTBYIOT COOTBETCTBHSI JIMIIb MEXAY Haubosee
3HAYUTENIBHBIMH COCTABHBIMU YacTAMU 00BEKTa U MOJIEIIH.

MatemaTuueckoe MOJEIMPOBAHHUE BKIIIOUAET B ce0sl CIIeIyIOIINE ITANBI:

1) nocraHoBKa 3aj1a4W;

2) OCTPOCHKE MOJICITH;

3) pa3paboTKa aaropuTMma,

4) mpoBepKa MPaBUIIbHOCTH AJITOPUTMA T.€. IPOBEPKa aICKBATHOCTH MOJIEIICH U 00BEKTa;
5) peanuzanusi, T. €. IPOrpaMMUPOBAHUE AJITOPUTMA;

6) aHaJIN3 AITOPUTMA U €T0 CIIOKHOCTH;



7) mpoBepka (0TiaaKa) mporpaMmel;
8) cocTaBieHre JOKYMEHTAIIUHU (OTUYET 110 JI/p WK K/P).
9) Ucnonb3oBaHNEe MOJCIH.

HccnenoBanne 0oObEKTa MOJCIUMPOBAHHMS M COCTABICHHE €r0 MaTeMaTUYEeCKOTO OIMCaHUS
3aKJII0YAeTCsl B YCTAHOBJIGHUHM CBSA3M MEXAy IapaMeTpamH Ipoliecca. BpisBieHHEe ero HauyalbHBIX U
IPAaHUYHBIX YCIOBHIA, (hOpMaTTU3aIHsl MPOIecca B BUIE CUCTEMbl MAaTEMAaTHUYECKUX COOTHOIICHHUH.

MaremMaTHueCKOe OIMCAHUE COCTABIISIETCS Ha OCHOBE (DYHAAMEHTAJIbHBIX YPAaBHEHUN pa3IMYHbIX
HayK, KOTOPbIE XapaKTEePU3YIOT OUHAMUKY U CIAMUK) TIPOLECCOB B HCCIIEyEMbIX O0OBEKTOB.

Haubonee pacnipocTpaHeHHbIE:

ﬂemepmunupoeannbtel) Mojend  (BKJIIOYAIOT B ceOd  pa3iuyHble  ypaBHEHHS  —
muddepeHIranbHbIe U ap. ).

Cmoxocmuueckoe” MoenupoBanne (ydHTbIBACT CIyYailHBIii XapakTep MPOLECCOB, a TAKKE

METO/Ibl TEOPUU BEPOSITHOCTEH U MaTEMAaTUUECKOM CTAaTUCTUKY).

Ecin, anpuophbix® cBefeHuil 06 00bEKTEe HE IOCTATOYHO, TO BHJ MATEMATHUYECKOH MOZICIH
YTOUHSETCS C IIOMOIIbIO METOJOB MHOIOMEpPHOW CTaTUCTUKH, a MMEHHO: pPEerpecCUOHHOrO,
KOPPEJSIIUOHHOTO U IPYTUX BHJOB aHAIIN3a, a TAK)KE IPOBEICHUS] HHKCHEPHOTO SKCIIEPHMEHTA.

Pezpeccuonnuviii ananuz (Hanpumep, 3aBUCUMOCTb f(U)= |, momyyaem TabiuIly 3HA4EHUH U

MPOM3BOANM MaTEeMAaTHUYCCKUN aHAIIN3).

Koppenauyuonnwiii ananuz (moxka3piBacT 3aBUCHMOCTbh Ha CKOJBKO CBSI3aHBI MEKAY cOOOM JBa
nporiecca. K —koaddunuent koppessuuu, ecau K =1-mpsimas 3aBucumocth, K = (—1) -oOpaTtHas
3aBUCHMOCTb.

‘ HpI/IHLII/IH IIOCTPOCHUA MOACIIN ‘

4/\>

AHnanutnyeckas
(TO3BOMISET MOTYYHTh
(GyHKIIMOHATBHBIE 3aBUCUMOCTH Nmuranrionnast (MMUTHPYET
WCKOMBIX BeJIM4rH. CaMble TOYHBIE noBeJIcHUE 00BEKTA)

MOJIEH, TOUHOCTh KOTOPBIX
OIIPEAEIIAETCS UCXOAHBIMU
JTAHHBIMU)

OpHako Mo Mepe yCIOKHEHUs 00bEeKTa MOJEIUPOBAHUS MOCTPOEHUE MAaTEMaTHUYECKONH MOJeNn
IpeBpallaeTcs B TPYAHOPA3PEIIUMYIO MPOoOJIeMy, MOCKOJIbKY aHAIUTUYECKHE MOJENU pa3paboTaHHBIE
TOJIBKO JJIsl TeJla KJIacCUYecKo KoHpurypamnuu (map, UUINHAp, JIaCTHHA), IPUYEM FOMOTeHHBIX ), T.e.
COCTOSIIIMX W3 OAHOro Mmarepuana. Ho NOCKOIbKY MHI)KEHEpHBIE MOJAEIN WIH DIIEKTPOTEXHUYECKHE
OOBEKTHl HE YKJIAJbIBAIOTCS B ATH PaMKH, MO3TOMY aHAJIMTUYECKOE MOJEIIMPOBAHUE MPAKTUUYECKH HE
IIPUMEHMMO B HHXEHEpPHBIX pacdyerax. (CaMO TMOHATHE MHKEHEPHOIO pacuera IpEANonaracTt
OTpeIETICHHYIO MTOTPEIIHOCTb.

B TOXe BpeMs IIMpPOKOE pacHpOCTPAHEHUE IMOJIYYUIM HWMUTAILMOHHBIE MOJIENH, KOTOpPbIE
paccMaTpuBaOTCA Kak mpoBoAuMble Ha OBM »sKCnepuMeHThI € MaTEMaTUYeCKOW MOJIEIIbIO,
UMHUTHPYIOLIEH TMOBeJeHNEe pealbHbIX 00beKkTOoB. (OCOOEHHOCTH (DYHKIMOHHPOBAHUA OOBEKTOB
MOJIETTMPOBAHUS U BUJ MCHOJIb3YEMOI0 MaTeMaTHUYECKOIO OMHCAHMSI, ONPEENSIeTCs HEePEePhIBHBIA WIN
JUCKPETHBIN XapaKTep MOJEIM, a LEJIN NPOEKTUPOBAHUS - NETEPMUHUPOBAHHBIM WIM CTOXAaCTHUYECKUI
MO/IXO0JT K TOCTPOCHUIO MaTEMaTHUYECKON MOJIEIH.

MeTtoabl MaTEMaTH4Ye€CKOT0 MOACJIMPOBAHNS MO3BOJISAIOT:
® HCKIIIOYUTh HEOOXOJUMOCTh M3TOTOBJIEHUS T'POMO3JKHX (PU3MUECKHX OOBEKTOB (Mojeneil),
CBSI3aHHYIO C MaTepHaJIbHBIMU 3aTPaTaMu;
® COKpaTHTh BpeMs Ha OINpeNeNIeHUs] XapaKTePUCTUK (OCOOCHHO MPU pacdyeTe MaTeMaTH4eCcKOH
Mozenu Ha DBM);



M3YYUTHh TIOBEICHHE OOBCKTOB MOACITUPOBAHUS TIPU  PANIUYHBIX 3HAYCHUSAX  IapaMeTpoB,
MIPOaHAIM3UPOBATh MPUMEHHUMOCTbh PA3IMYHBIX DJIEMEHTOB, MOJYYUTh XapaKTEPUCTHKU IOKa3aTeseH,
KOTOPBIE MOKHO CHSATH 3KCIEPUMEHTAIBHO.

1) nerepMHHUPOBAHHbIC - IPEAONPECICHHBIC,
2) CTOXacCTUYECKOe MOJCIHPOBAHKE - BEPOSITHOCTHOC;
3) ampuOpHbIC CBEICHUS — JIaHHBIC, U3BECTHBIC 10 IKCIIEPUMEHTA.
JIBa 0CHOBHBIX MpeuMyIIecTBA nepea Gu3nyecKkuM MoJeJTMPOBAaHNEM HA 00beKTe:
® CKOpPOCTb MPOBEACHUS IKCIIEPUMEHTOB C UCIOJIb30BaHuEM DBM;
® BCTPOCHHBIN aHANW3 JOOBIX CHUTYallMd MaTeMaTHYeCKOW MOJEIH B JIIOOBIX PEKHUMax HE
JTOCTYIHBIX JUISI PU3NIECCKON MOJICTIH.

1.4. Cnoco0bI OnMMCAHUA MATEMATHYECKOH MO/IeIH

Maremaruueckast MOJI€NIb YCTPOMCTBA CUCTEMBI MJIH MIPOIIECCOB B O0IIEM BHU/JIE MPEACTABIISIETCS B
BU/JIE CUCTEMBI (DYHKIIMOHAJIOB.
d(x,y,2,t)=0;
X, Y — BEKTOPBI BXOJIHBIX U BBIXOJIHBIX KOOPAUHAT;
Z — BEKTOPbI BHEIIIHUX BO3/ICUCTBUI;
t — KoopIUHAT BPEMEHHU.

Crnioco6 npencrapiaeHus (yHKIMOHANA 3aBUCUT OT LM MOJICIMPOBAaHUS, Ha3HaueHHs 0ObeKTa
o0beMa U3BECTHON MH(OPMAIMH U XapaKTepa UCXOIHBIX TaHHBIX.

1. Cucmemvl oughghepenyuanvuvix ypaguenutl, OMUCHIBAIOT JUHAMHUYECKHE CHCTEMbI, & UMCHHO
MEPEXOHbIC MPOLECCHl B CHCTEMax 3JICKTPOCHAOKEHUS (BKJIFOUECHHE W BBHIKIIFOUCHHE
000pyIOBaHUs, PSKUM KOPOTKHX 3aMBIKaHWHA W T.1.) TpajauIMOHHAs 33jada ONpeIeICHHUS
BEJIMYMHBI M BpEMEHH JIeHCTBUS KOPOTKOTO 3aMbikaHus K.3 (mepexo1Hoii pexxum).

2. Ancebpauueckue ypasHenus ONUCBHIBAIOT YCTAHOBHBILHUECS PEKUMBI pabOTHl 000PYIOBAHMS.
TumnoBas 3aava - HaX0XKIEHNE TOKOB B JIMHUSX ISl BBIOOpA CEYEeHHU, TOKOB MOJIBOJIA.

3. Henunetinvle ypasHeHusi WIM CHCTEMa HEJIWHEHHBIX ypaBHEHMH MOTYT OBITh Kak
anreOpandeckUMy Tak U JuddepeHIaabHbIMU (OTIIMYKME OT MPEIbIIYIINX JUIIb B TOM, YTO
P UX PEUICHUM YYUTHIBAIOTCS HM3MEHSIOIIMECS IapaMeTpbl camMOW JHEPrOCHUCTEMBI, a
MMEHHO: HEJIMHEHHbIE CONPOTHBIIEHUS, HACBHIILIEHHNE MAarHUTONPOBOAOB TpaHC(HOPMATOPOB U
Jp. 000pyIOBaHMUsI, YTO MMO3BOJISIET HAUTH TOYHOE 3HAUYCHHE ITapaMeTPOB 000pYAOBaHUS).

1.5. lerepMuHUpoOBaHHbIE MOAe/H (TPeonpe/ieseHHbIE).

[ToBeneHune OONBIIMHCTBA TEXHHUUECKUX CHUCTEM MOXHO OXapaKTepU30BaTh MPHU MOMOIIU TaK
Ha3bIBaEMBIX (pa30BbIX EPEMEHHBIX, @ UMEHHO (U3NUECKUX BeMUUYUH TUna: @ - moToka, ¢ - moTeHIHana.
ITpu »TOM 1ENECOO0pa3HO BBIACTUTH B OOBEKTaX MOAETUPOBAHHS JOCTATOYHO KPYIHBIE SJIEMEHTHI,
paccMaTpuBa€MbI€C KaK HCEACIUMBIC CIWHUAIIbI. 3aKOHBI Q)yHKHI/IOHI/IpOBaHI/ISI CHUCTEMBI 3aJar0TCs
KOMIIOHOBOYHBIMHM yPaBHEHUSIMH, CBS3BIBAIOIIMMHU pa3HOpOJHbIE (pa3oBble mepemeHHble. OOIIHOCTH
OIMMCAaHUA MTPOLECCOB, MPOUCXOAAININX B PA3TUYHBIX TEXHUUYCCKHX CHCTECMax, IMO3BOJACT BBIJACIHNTH
HECKOJIbKO THUIIOB JIEMEHTOB, 3 UMEHHO:

R - a;meMeHT pacceMBaHUS SHEPIHH;

C, L - ajeMeHTHI HaKOTUICHUS SHEPTUH.

HpI/I COUCTAaHUHU 3THUX HpOCTGfII.HHX 9JICMCHTOB NOJYYalOT 3KBUBAJICHTHYIO CXCMY TEXHUYECKO
CHCTEMBI JII000I CJIOKHOCTH, a TaKXKE€ €€ MAaTEMATUUCCKYIO MOJICIIb.
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B npuBenennoit Huxke Tabimie 3.1 BBIpakeH KOHKPETHBIH CMBICT (ha30BBIX IMEPEMEHHBIX B
Pa3HbIX BUAAX MMOACUCTCEM.

Maremarnueckass MOZENIb TUIIA JIETEPMUHUPOBAHHON — HEIPEPBIBHOM, & TAKXKE aHAIUTUYECKON
IUIl TEXHUYECKOTO 00BEKTa B OOLIEM ciydae sIBJISETCS CUCTEMON OOBIKHOBEHHBIX IU((EepeHIMATbHBIX
YPaBHEHUU.

Ta6mmma 3.1
IToncucrema Da3oBble IEPEMEHHbIE DIeMEHTBI
Twum motoka TTorenmnman R C L
DnexTpuyuecKas Toxk (1) Hanpsoxenne (U) R akTuBHOE C eMKOCTh L HHIYKTHBHOCTB
Tennosas TemnnoBoil noTOK T Temmepatypa TemnnoBoe C; TEeIII0eMKOCTh HET
COTIPOTHBIICHHE
Mexanmueckas Cumna V - ckopocTh F — cuma F - cuna Macca
MoCTynaTeabHast TpeHue YOpPYToCTH
I'mapaBnuueckas Pacxon P - naBnenue I'mppasnuueckoe I'mapaBnuueckas I'mppaBnuueckas
COITPOTUBJICHUC €MKOCThb WHAYKTUBHOCTbH
Mexanuueckas MOMEHT VYrioBas CKOPOCTb Her BpamarensHas MoMeHT uHepuuu
BpalniareabHas THOKOCTh

MatpuyHslii TUII TEIUIOBOM Mozenu peie u3 1-ro pasznena pucyHok 1.1, ypaBHEHHE TEIJIOBOTO
OanmaHca JIJIsl CXeMbl 3aMEIICHHS 3aITUChIBAETCS B BUJIE:

c(m) L4 G(T)-(T =Ty)- P(T)=0
dt
[TomoGHyt0 cuctemMy mpu OOJIBIIOM KOJIMYECTBE YPAaBHEHHI MOXHO PEIIaTh TOJIBKO YUCICHHBIMH
METO/aMH, 3aMEHss HEMPEPHIBHYIO HE3aBUCUMYIO IIEPEMEHHYIO €€ jcKkpeTHbIMI Y ananoramu.
COBOKYIHOCTh 3HaU€HHUH (a30BBIX MEPEMEHHBIX Ha (K)-TOM IIare WHTETPUPOBAHUE TOTYJACTCS
IIyTeM pELICHUs] CUCTEMBbl 7 alreOpandeckux ypaBHEHUH (B o00IIeM ciy4yae HEIMHEWHBIX) C 7
HEU3BECTHBIMH.

fl(x1>xzax3,---xn):0
fz(xl,xz,xi ..x,)=0

Sfi(x,x,,%5 ...x,)=0

Ju(xxy,%5 .0.x,) =0

CyuiecTBYIOT NI€peonpeeieHHbIE, HEOOPEACICHHbIE CUCTEMBI.

Pemrenue Takoi cUCTEMBbI BO3MOXKHO KakK MPSIMBIMU, TaK U UTEPAIIMOHHBIMU MeToaamu. Cuctema
YpaBHEHUU (D(X, Y, Z,t) =0 mnpexacraBnser coboii 00bEIMHEHWE KOMIIOHCHTHBIX TOMOJIOTHYCCKHX U
Pa3HOCTHBIX YPAaBHEHUN B OJTHOW CHCTEME.

Tononozuueckumu ypasnenuamu 3a7a€TCSI  CBSI3bI0  MEXAY OJHOPOJIHBIMH  (Da30BBIMU
MEPEMEHHBIMHU, OTHOCSIIUMHKCS K Pa3HbIM JJIEMEHTaM CHUCTeMbl. Takue ypaBHEHHUS B OOJIBIIMHCTBE
bu3nuecKkux cucteMm 0a3upyrOTCs Ha ypaBHEHUSX PaBHOBECHUS U HEMpPephIBHOCTH (TipuMep: Ha 6aze [ u 11
3akoHOB Kupxroda, maboparopuas padora Ne3).

1.6. CroxacTuueckue MOJIeJIH
HpI/I OIIMCaHUHN O6T)CKTOB 3J'IGKTpOT€XHI/IKI/I U aBTOMATHUKU MO>XHO BBIICIUTH cne;lylonme BHU/IbI

CTOXACTHUYCCKOI'O (BCpO}ITHOCTHOFO) MOACIINPOBAHUA:

1. Cmoxacmuuecxoe MOOeJlupoeaHue Ha OCHOBC MECTOJ1a MOHme-Kaszo HMECT IMPUITOKECHUA ITIOMUMO
3ala4 MAaTCMAaTHYCCKOIro MOJCIUPOBAHHA K PCHICHUIO psAAa YaCTHBIX 3aad YHCIICHHBIX MCTOHOB,
HanpuMep, B3ATHE UHTETPAJIOB, pelieHne AudpepeHnanbHbIX YpaBHEHU] U T. 1.

2. Ananumuueckoe 6eposImHOCHmHOe Modeﬂupoeanue, KOTOPOC HMMCCT NPUIIOKCHUC K ITOCTPOCHUIO
MO,I[CJ'ICﬁ, ONCpUPYIOIMUX HE C KOHKPECTHBIMU CHy‘IﬂﬁHHMH YHCJIOBBIMH IIOCJICOAOBATCIBbHOCTAMHU, a
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HCTIOCPCACTBCHHO C UX BCPOATHOCTHBIMU (SaKOHBI pacnpeCaAciICHUA BepOHTHOCTI/I) " CIICKTpAaJIbHbIMU
(CTIEKTp TUIOTHOCTH WUTH KOPPEJISAIIMOHHBIC (DYHKIIMH ) XapaKTEPUCTHKAMH.

Koppenayus BeipaxxaeT Mepy CBSI3U JIBYX IPOILIECCOB.

B o0miem ciyyae mocTpoeHHe TaKUX MOJIENICH MPEICTaBIsieT cO0O0M CIIOKHYIO BBIYHCIUTEIBHYIO
3a/lady, YTO HE TO3BOJISIET B TMOJHOW MEpe HCIIONb30BaTh TAKUE MX MPEHMYIIECTBA, KaK BO3MOXKHOCTH
TOYHOTO aHATMTHYECKOTO 3aJ[aHUsl XapaKTEPUCTUK CIIyYalHBIX MPOIECCOB, OTCYTCTBUE HEOOXOIUMOCTH
resepauuu u 00paboTku OOJBIIMX BHIOOPOB CIyYaHBIX YMCENl U MPHCIIOCOOICHHOCTh K OIEPaTHBHOM
ONITUMH3AIIHH.

1.7. Merox Monre-Kapiio

B maremaTtuke cymiecTByeT IeJioe HampaBieHHe, CBs3aHHOe ¢ MeTogoM Monre-Kapno. OHo 3aHnMaeTtcs
WCIOJb30BAHMEM CIIy4allHBIX 4YMCEN JJs peleHMs pa3IMYHbIX MaTeMaTH4YecKHX 3ajad: HWHTEPIOJISALUHY,
BBIUMCIICHUS] MHTErpajoB, pemieHus nuddepeHIHanbHbIX U MHTETPATIbHBIX YPABHEHHWH, PEIICHUs] CHUCTEM JIH-
HEWHBIX ypaBHEHHUH, TIOMCKA OKCTPEMyMa, MOJAEIUPOBaHUsA IpoueccoB M T. A. lIpeumymectsa
HEIETEPMUHUPOBAHHBIX METOJIOB OCOOEHHO SIPKO MPOSBISIOTCS MPU PEIICHHH 3aqad OOJNBLION pa3MEpHOCTH,
KOrja MpHMEHEHHE TPATUIMOHHBIX JETEPMHUHUPOBAHHBIX METOJOB 3aTPYAHUTENBHO WM COBCEM HEBO3MOXHO.
I'pa-HuubBI MEXOy MPOCTHIM M TPYOHBIM, BO3MOXHBIM M HEBO3MOXKHBIM C Pa3BUTHUEM BBIYHUCIUTEIBHON TEXHHUKU
CIBUTalOTCsl BIajlb, HO CYLIECTBYIOT Bcerna. OCHOBHOW HEIOCTATOK HEAECTEPMUHHPOBAHHBIX METOJOB — HX
MEJICHHAs! CXOJWMOCTb, YTO BBIHY)KJAeT MCKaTh KOMIIPOMHCC MEXIy HEBBICOKOM TOYHOCTBIO PE3YNbTaTOB WU
OOJIBLIMM PACXOJIOM MALIMHHOTO BPEMEHH.

Bravane ans mosydeHMs CIIydalHBIX YHCENT MCIOJIb30BAIUCH 3apaHee COCTaBJICHHbIE TaOIMLBI M
¢uznyeckue naTanku. O4eBHIHBIM HEIOCTATKOM TaOJHII SBISETCS WX OTPAaHHMYCHHBIH 00BEM, a UCTIOIb30BAHNE
(U3NUECKNX JATYMKOB HATaJ-KMBACTCS HA CIOKHOCTh pealHu3alliy, MEJJIUTEIbHOCTh NATYUKOB, UX Kampus-
HOCTb M HEBOCIIPOM3BOJIUMOCTH IOJIyYEHHBIX pPe3ylabTaToB. [103TOMy BMECTO uucmo ciyyauHuix YHCEN CTaId
UCTIONIB30BATh 1CeBO0CYUAlHble YICAA, TCHEPUPYEMBIE C TIOMOIIBIO TOH WM MHOW mporpaMmbl. Ciay4aiiHOCTh Mpu
TAKOM TOJIXOJIE 3aMEHsIETCS HEMPEeACKa3yeMOCThIO JJIsl HEOCBEAOMIICHHOTO TOJIb-30BaTellsl: HAOMI0Aas HEKOTOpOoe
BpeMs "XOpOILyr0" MOCIEAOBATEIBHOCTh IICEBAO-CIYYalHbIX YUCEI, OH HE B COCTOSIHUM MPEACKa3aTh, KaKUM
OyZeT cienyromuil 4ieH 3TOW MOCIel0BaTeIbHOCTH, XOTs Ha CaMOM JENE BCE OHHM BBIYMCIIIIOTCS 1O JOBOJBHO
npocroii opmyrne. [Ipexkae 4eM HCIONB30BaTh JAJsl PEIICHMs 337ad TOT MM MHOW JAaTYMK CIyYalHBIX YHCEI
(TabnuuHbId, PU3NYECKUH WM IPOTPAMMHBII), €0 OABEPTaIOT pa3HOOOPa3HBIM TECTaM: Ha PABHOMEPHOCTD (MJIH
CcorJla-cue ¢ JPyruM MpeANrCaHHbIM 3aKOHOM paclipeesieHus), Ha He3aBUCUMOCTb U T. 1.

OpHo u3 mpeumylinects Meroga MonTe-Kapiio 3akiodaercs B ero CBO€oOpa3HOU "JTOKaJILHOCTHU'": 3TUM
METOJIOM MO)KHO, HampuMep, HCKaThb OJHY COCTABISIONIYIO pEIIeHHS CHCTEMbl JMHEHHBIX YpaBHEHUH, He
HHTEpeCysICh NPYTUMH KOMIIOHEHTaMHM, WM UCKaTh 3HaYeHHe (YHKUMH, SBISIOLIeHcs peuieHreM auddepeHu-
aJbHOTO YpPaBHEHWs, B OJHOW Touke WU T. M. Eciaum, HampumMep, TPyAOEMKOCTh HPAMBIX METOAOB BBIYUCIECHUS
OMpEe/IeTICHHBIX HHTETPAJIOB C POCTOM Pa3MEPHOCTH M MPOCTPAHCTBA MIEPEMEHHBIX BO3PACTAET KaK K" (K — YHCIIO
[1aroB, Ha KOTOpPOE pa30HMBaeTCs WHTEPBaJl WHTETPUPOBAHUS IO KaXIOW OCH), TO TPYIOEMKOCTb ajIrOpUTMa
Momnre-Kapno Bo3pacTaer Kak K", OCHOBHOI HEIOCTATOK MeToaa Momnre-Kapno — cpaBHHUTENBHO MEJUICHHAs
CXOUMOCTb, JJIs TIOJTy4YeHHs OoJiee I MEeHee HaJIe)KHbBIX Pe3yIbTaTOB TPEOyEeTCs OOJBIIIOE YHCIIO TTOBTOPEHHIA.

[Iponeccel B cuctemMe MOTIYT HPOTEKaTh MO-Pa3HOMY B 3aBHCHMOCTH OT YCIIOBHH, B KOTOPBIX HAaXOIHUTCS
cucrema. ClequTh 3a MOBEICHUEM pEaIbHONW CHCTEMBI IIPU Pa3IMYHBIX YCIOBHUSIX M HUCCIEIOBATh BCEBO3MOXKHbIE
BapHaHTHl ObIBACT TPYAHO, & MHOTJA U HEBO3MOXKHO. B Takux ciydasx BbIpydaroT Mojenu. [locTpouB Mojens,
MO>KHO MHOTOKpPATHO BO3BpaIIaThCs K HAYAIBHOMY COCTOSHHIO M HAOII0OJaTh 3a MOBEIEHHEM MoJenu. Taxoi
METOJ HCCJIEJOBaHUs CHCTEM HAa3bIBACTCS UMUMAYUOHHBIM MOOeauposanuem. VIMATAlMOHHOE MOJAEIHPOBAHHE
MPUMEHAIOT B TE€X CIyd4asX, KOTJAa HE0OXOAMMO Y4eCTh BO3MOXHO Oouibliiee pasHOOOpa3ue MCXOIHBIX AAHHBIX,
W3YYUTH MPOTEKAHHUE MPOIIECCOB B PA3IUYHBIX YCIOBHSIX.

Camo HazBanue merona «Monte-Kapmo» mpoucxonut ot ropoaa Monte-Kapno B xHskecTBe Monako,
3HaAMEHHTOT'O CBOMMH HUTOPHBIMHU JIoMaMH. J[e10 B TOM, YTO OJJHMM M3 MEXaHWYECKHUX MPUOOPOB YIS TOITYUEHHUS
CITy9aliHBIX BEJIMYHMH ABIISIETCS PyJETKA, UCIIONb3yeMasi B HTOPHBIX IOMaXx.

1.8. OcHOBHBIE THIIBI 3aaa4 B MATEMAaTUY€¢CKOM MOJC/IHPOBAHUMA B
IJICKTPOTCXHUKE U ABTOMATHKE

1. Unentndukanus (yroyHEHHE MOJENIN) TUHAMHYECKHUX XapaKTePUCTHK JMHEMHBIX 3BEHbEB MpU
HCIIOJIb30BAaHNU PA3JIMYHBIX OMMCAHUI CUTHAJIOB HA X BXOJIE U BBIXO/JE.
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Hcnonws3oBaHue MCTO/la HAMMCHBIINX KBAaAPATOB IJIA OIMMMUCAHUA Hepe;[aTquoﬁ XAPaAKTCPUCTHUKHU T10
MacCCUuBaM JaHHBIX Ha BXOAEC U BBIXOAC CUCTCMBI.

A
I
Pa3sHunua MeXay pealibHbIMN K
pacyeTHbIMUN 3HA4YEeHNAMU
>
0 U
Pucynok

HccnenoBanue yYCTOMUMBOCTH JIMHEHMHBIX JAMHAMUYECKHMX CHCTEM HA OCHOBE HCIOJIb30BaHUs
Pa3INYHbIX KpUTEPUEB (MMEHHBIX ).

AHanu3 KayecTBa JIMHEWHBIX CHCTEM aBTOMAaTHUYECKOro ympasiaeHus. OnpelneneHue ONTUMAalIbHBIX
YIPaBJIAIOIUX BO3ACHCTBUAMN.

HccnenoBanue HEIMHEHHBIX aBTOMATUYECKUX M JJIEKTPOIHEPreTHUECKUX CHCTEM Ha OCHOBE
NPUOIMKEHHBIX METOJIOB PEIICHHs HETMHEHHBIX TU(PepeHIIaTbHBIX YPaBHECHHH.

Cratnyeckoe HMMHMTALMOHHOE MOJEIMPOBAHME H3MEPUTEIBHBIX YCTPOMCTB M cucreM Ha OBM
(TTocTpOEHUE TUCTOTPAMMBI, KOPPETSIIUOHHBIX (DYHKIHHA U T. 1.).

AHaIUTHYECKOE BEPOSITHOCTHOE MOJECIMPOBAHME H3MEPUTENIBHBIX HWH(GOPMALIMOHHBIX CHCTEM Ha
OCHOBE B3aMMOCBSI3aHHBIX BEPOSITHOCTHBIX (3aKOH pacHpelesIeHNs BEPOSITHOCTH) U SHEPreTHUECKUX
(criekTpasbHbIE MIIOTHOCTH) MOIITHOCTEH MOJIEINH.

Pemenne 3amaum omnpeneseHusl 3HAYEHUM HM3MEPSEMOM BEJIMYMHBI: CKOPOCTEH, MOTOKA, 3BYKOBOU
BOJIHBI WJIM TEMIIEPATYpP B 3aMKHYTOH 00JIaCTH.

HccnenoBanue ycTpoiCcTB aBTOMAaTUKM METOJIOM TUIAHMPOBAHUSI DKCIIEPUMEHTA.

AHanu3 CHeKTpOB paclpe/esIeHUs] CUTHAJIOB, C UCIOJIb30BaHUEM Npeobpa3zoBaHuil dypee B 3a1auax
pacrno3HaBaHus 00pa3oB U UG poBoit 06padoTku curHaioB. (OCR —mporpamme).

AHanu3 ¥ OLEHKa IOrPEHIHOCTEN H3MEPUTENbHBIX YCTPONMCTB M CHCTEM Ha OCHOBE METO/OB
MHTEPBAJILHOTO aHaNN3a (MHmepeanbHblil AHaIU3 — VICXO/IHbIE JaHHbIE OepyTCsl HE KaK KOHKpPETHbBIE
3Ha4YeHHs, a KaK HHTEepBaJl JaHHBIX, 33/Ial0TCSl MaxX U min 3HaYeHUH 3JIEKTPUUECKUX [TapaMeTPOB).
Pemenune 3amau aBromatuzauuu npoektupoaHueM (CAIIP — cucreMbl aBTOMaTHYECKOIO
IIPOEKTUPOBAHMS).

2. PEIIEHUE CUCTEM JIMHEWHBIX AITEBPANYECKUX YPABHEHU
(CJIAY) C YYETOM OCOBEHHOCTEW DJEKTPOYHEPTETUYECKNX
3AJIAY

B 3amauax pacucTa MnmpouneccoB U pCKUMOB SHECPICTHICCKUX CUCTEM B BHeKTpOCHa6)KeHI/II/I qacTo

TpeOyercst pematrs CJIAY, mpuyem 5uOO 3TO MOJHOCTHIO peUIaeT IOCTAaBIEHHYIO 3adady, JH0o
COCTABJISIET €€ 3HAUYUTENIbHYIO YaCTh B BEIUUCIUTEIBHOM OTHOLIEHUH. [10CKOIBKY IOpSA0K CHUCTEMBI
ypaBHEHUH OOBIYHO BBICOK U MOXET MOTpPeOOBaTh €€ MHOTOKPATHOT'O PEIICHUS MPH HU3MEHSIOLIUXCS
NpPaBbIX YaCTSAX, TO OUYEHb BAXHO TNPUMEHATh Haubosjee HPPEKTUBHbBIE METOJbl peIIeHUs ¢
MaKCHUMaJIbHBIM HCII0JIb30BaHUEM CHELU(DUKU IIEKTPOIHEPTETHUECKUX 3aj1ay.
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2.1. O01mast MOCTAHOBKA /IJIfl BCEX METO/J0B PellleHUs 3a/1a4.

B oOmem cnyudae 3amaua Qopmupyercs ClenyrommMm o0pa3oM: HYXHO HAWTH  3HAYCHHS
X;5X5,X5,..., X, , YIOBIECTBOPSIOIUE CUCTEME U3 71 yPAaBHECHHUIL.

a, X, +a,x, +a;;x; +...+a,x, =b,
Ay X, +ApXy + Ay, +...+0a,, X, =b,

a3, X; + 35X, +a3Xx; +...+ay,x, =b,

a,x, +a,x,+a,x,+...+a,x, =b,
rae a — MIaCCUBHEBIE DJIEMEHTHI LIENN (R)
b — aKTUBHBIE 3IEMEHTHI (E );

X — HEU3BECTHBIHA DJIEMEHT;

AX=B
HGO6XO[[I/IMI)IM U J0CTAaTOYHBIM yCJIOBI/IeM CyHIeCTBOBaHI/IFI pGHIeHI/Iﬂ SIBIISICTCA HepaBeHCTBO
HyJ'II-O OnpCaACIINTCIIA:

ay a4y,
a a a
21 22 2
detA=AA4A= "1£0.
anl anZ ann

2.2. Metoas! pemtenust CJIAY

Meroas! pemienust CJIAY:

- npamble — TO3BOJSIOT IMOIYYUTh TOYHOE pelIeHHE (K HUM OTHOCATCS METOJAbl ONpeleuTesei
Kpamepa, I'aycca, nporonku, cxemsl JKopnaHa, Metoa oOpalieHHss MaTpUIlbl, METOJ TPEYyroIbHOMN
(hakTopH3alK MaTPULIBl KOAPHUITUEHTOB).

- umepayuonnsle (TOCIEAOBATEIBLHOIO MPHUOIMKEHHUS) — OCHOBAHbI Ha TMOJYYEHUU U YTOUYHEHHHU
MIOCJIEZIOBATEIbHBIX MPUOIMKEHUH K TOYHOMY pelleHHio; 3(Q(EeKTUBHBI B cilydae, KOI/la MHOIO
HYJIEBBIX JIEMEHTOB (TOBOPST, YTO MaTpUIa pa3peKeHHas ) UM BBICOK MOPSAA0K CUCTEMBI.

1. Metoxn l'aycca - a3dpdexrusen g0 nopsaka n < 10*.

2. HrtepanuoHHBIEe METOMBI - 10 Hopsaka 1 <10°.

3. Merox Kpamepa menee 3pdexTHBEH I UCTHOIB30BAHUS TPU pelicHWH 3anad Ha DBM,

MOCKOJIbKY TpeOyeT MaKCUMAIbHOTO YHCIa apu(PMETHIECKUX OTepaIluid.

4. Mertop I'aycca — XoTemuHra # — JOMOJTHUTEIHHBIX IIATOB.

K wrepanmonneiM Merogam pemieHuss CJIAY OTHOCAT: METO TPOCTBIX HWTEpPaAlUil, METO.
3eiiens, METOI TpaJueHTa (CKOpEHIIero crycka), MeTo XOTTEeIUHT.

B pe3ynbpTaTe SKBHBaJICHTHBIX TTPEOOPA30BAHUMN MTOTYYaEM:

E-x=b
2.3. Metoa Kopaana

OTOT METOJ OYCHb OJIM30K K METOY Faycca, MMO3TOMY €ro MHOrAa Ha3blBaAlOT METOJA0M Faycca-
}Kop;[aHa, OAHAKO OH KOMITAKTHCC M3-3a 1 OJHOTUIIHBIX HIAroB MATPHUYHBIX KOB(b(pI/H_[I/IeHTOB CHUCTCMBI
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ypaBHeHHH. B pesynbrate 3HauCHHMsS HEU3BECTHBIX MOTYT OBbITH paBHBI 3HAYCHHMSM IIPaBBIX YacTel
COOTBETCTBYIOIIUX YPABHEHUM.

A X = | B —> Ex=b

ITepBbiii miar Metoa XKopaaHa MoJHOCTHIO COBIIAIaeT ¢ MeTo10M ["aycca.
a, X, +a,,x, +a;;x; +...+a, x, =b,
Ay X, +AypXy + Ay X5 +...+a,, X, =D,
Ay X, +AyyXy + A3 X, +...+ay, X, =b, (D)
a,x, +a,x,+a,x;+...+a,x, =b,

IlepBoe ypaBHeHHE nenuM Ha a,, (IIpaBYIO U JIEBYIO 4acThb). [lomydaem 31neMeHThI ¢ MHIEKCOM 1:

a; b
a _ %y O _ 71
a,;; =— b’ =
a, ap
M _ M) M _ M
a; =a; —a,a,; b” =b; —a,b

B pesynbrarte BHIIOIHEHHUS TIEPBOTO Iara MepBblii CTOIOET] MaTPUIbl KO3()(HUIIMEHTOB MPUBOAUTCS K
HY>KHOMY BUJY (TI€pBBIN CTOJIOEL] €AMHUYHON MaTPHULLbI)

X, +a,,X, +a,;X; +...+a,,X, =b,
...... +a,,X,+a,;X;+...+a, x, =b,
...... +a3,X, +a3;X; +...+a,, X, =b,

...... +a,X,+a,;X;+...+a,X, =b,

Ha BTOpPOM MHIare, MnoJiyud€HHas II0CJIC IEPBOro IIara CUCTeMa npeo6pa3yeTcsl TaKuM 06p330M,

9TOOBI M BTOPOM CTONOEN Martpuilbl KOA(h(HUIMEHTOB MPUHSI BUJ  BTOPOTO CTOJIONA E€AMHUYHOU
MaTpUIbIL.

X, +a,x, +a,x; +...+a,x, =b,
X, +a,X;, +...+a,,x, =b,

33Xy +...+ay,x, =b,

nn n n
() )

a,: b
(2) _ 2] 2 _ % .
2j ——(1) b2 =0 121,3...N

a5 22 j=3..N
(2 _ oM M52 2 _ M 7,2

Qi =a;" — a3 a,; b;” =b;" —a;'b,

Beruncnenus nns Bcex N IaroB OAHOTUITHBI U IJIST IPOU3BOJIBHOTO I1ara k MOTyT OBITH 3amucaHbl
CJIETYIOIUM 00pa3oM.
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F k) _ " (k) _ Yk
i=1...N Ay = bk = (kD)
ik A Apk
(k) _ (k-1 (k-1) (k) (k) _ 1 (k=) (k=1)1 (k)
i =K+1..N a;’ =a; "’ —ay; a b.* =b; a; by

3n1ech, Takke Kak U B Merofe ['aycca, BbIUMCIEHHMS BO3MOXHBI IIPU YCIIOBUHM, YTO BEAYIIMH
3JIEMEHT (IUaroHalbHbIi @, , TAe k=1...N) OoTIMYeH OT HyJsd, YTO IJIi HEOCOOECHHOM MaTpHIIbI

K03 (HULIMEHTOB BCETAa MOKHO BBIMIOJIHUTD ITyTEM [IEPECTaHOBKU CTPOK U CTOJIOLIOB.
Pesynbrupyroniuii Buj CUCTEMBI OyAET CIEAYIOINI

Ex=bp"
1 0 0 0)(x b"
0 1 0 Of|x| [b&"
0 0 1 0f|x| |&”
0 0 0 1)(x,) (b

OTOT METOJ OTJIMYaeT KOMIIAKTHas CXeMa  BBIUMCICHHS, OJIHAKO, 3TO COMPOBOXKIACTCS
yBelIMueHUueM o0bema BbluMCIEeHUN. [IpuMmeHeHne Merona 3aTpyJHUTENBHO, €CIU KaKOoW-HUOYIb U3
BEYIIUX 3JI€MEHTOB paBeH 0.

TpymHOCTH 3TOW MOXHO H30€XKaTh, €CIIM U3MEHUTH MOPSAIOK YPAaBHEHUH CHCTEMBI, a 3TO BCET/Ia
BO3MOYKHO I HEOCOOCHHOM MaTpuilbl KO3 HUIMEHTOB. MaKkcHManbHas TOYHOCTh JOCTUTAETCS B
cilydae, Korja BeIyIIUH 3JEMEHT MMeeT HaubOosbinee 3HadueHHe. CTPOKY C HYJIEBBIM WM MAaJIbIM
BEAYIIUM DJIEMEHTOM HEOOXOJIUMO 3aMEHUTh Ha Ty, U3 CTOSIIMX T0J] HEW CTPOK, B KOTOPOH B TOM K€
CTOJIOIE CTOUT 3JIEMEHT, UMEIOUIHIA HanOoJIbIIee 3HaYCHHE.

Boruncnenne mo cxeme JKopmaHa KOMIIAaKTHO TMporpaMmupyercs g pacyeta Ha OBM
CJIEIYIOIIUM 00pa3oMm:

for (k=1;k<=n;k++)

{
BIK]=B[KI/ALK]LK];
for (i=1;i<=n;i++)

if ((i-k)!1=0)
B[i]=AL][K]*BIK];
if (k-n)<0)
k++;

else exit(0);
for (j=k1;j<=n;j++)

if((i-k)!=0)
AlGI=ANIDI-ALIKI*ALKIDL

Hwxe nmpuBeneH KOHKPETHBIN IPUMED PELICHUS] CUCTEMBI YPABHEHU.
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20x, —5x, —5x, - 5x, =-20

=5%, +10X, .eenenenen =-10
—5X, e +10x,...... =-30
Eaio). CRUTUIRTR +5x, =20
X —lx 1x lx =-1 Xivvreeennn —zx —%x ——&
1 4 2 4 3 4 4 1 7 3 7 4 7
35 5 5 1 1 12
...... TXZ_ZX3_ZX4__15 .........xz—;x3—;x4——7
—éx 3—5x éx =-35 | ... @x —10 ——@
477 477 47 77 77 7
...... —éx —éx —1—5x =15 —E +2x =—%
477 477 47 7777070
1 8
Xp e —§x4=—§
1 7 X4=2
......... xz............—gx4——§ X =2
1 13 X, =—2
.................. Xy ——X, =——
6 3 x; =—4
10 20
........................ —X, =—
3 3

CpaBHenne Tpynoemkoctu Merona 7Kopaana ¢ meroaom I'aycca

O1eHKY BBIIIOJIHUM I10 KOJIMYECTBY ONepaliii yMHOKEHUS U JIeNIeHHsI, KOTopoe TpedyeTcst s
peuieHus cuctembsl N JIMHEHHBIX ajreOpandyeckux ypaBHEHHI.

N(N2 +3N+1) _NN2 ~3N+2
3 6 ’

AM =M, —-M, =N’ (N;D—

M ,, —Kopnana (My)
M, —Taycca (M)
CaejieM B TaOJIHUILY OIEHKY TPYA0EMKOCTH

N 2 3 4 5 10 25 100

M 6 18 40 75 550 8125 505° 000
M; 6 17 36 65 430 5825 343’ 000
AM 0 1 4 10 120 2300 162° 000

Kak crnenyer U3 NOIy4eHHOTO BBIpaKEHHS M MPUBEACHHON TabnuIsl, Metoa JKopaaHa, HECMOTpSA
Ha OOJIbIIYI0 KOMIAKTHOCTh, OPraHU3alks BBIYUCIEHUN TpeOyeT Oobliero o0beMa BBIYUCICHUN, YeM
metox ['aycca. IIpuuem 3Ta pazHuIia CTAaHOBUTCS OoJjiee OILIYTHMMOM MO Mepe pocTa MOpsIKa CHCTEMBI
ypaBHeHUH. T10CKOIBKY B peasibHBIX AJIEKTPOIHEPTeTUYECKUX pacueTax MPUXOJUTCS UMETh JIEJO0 C
cHCTeMaMHM U3 COTEH YpaBHEHUH, To mpuMeHeHne Metoa JKopiaHa ssBHO HelesecooopasHo.

2.4. Metopa I'aycca C BHIOOpPOM MeTOJ IJIABHOTO 3JIEMEHTA.

[TocranoBka 3amaun aHamornyHa cxeme KopaaHa.
TpeOyetcs pemuth cuctemy Ax =b),
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rae A — HeocoOeHHAas KBa[paTHasi MaTPHUIla, OTPEICITUTENb KOTOpOoi HepaBeH HYIi0 (A # 0);
b,x - BEKTOPBI COOTBETCTBEHHO IPaBBIX YaCTEH 1 HEU3BECTHBIX.

Meroa cocTouT U3 3-X 3TaNoB:

1. Haiitu B Ka110M cTosO1e KO3PPHUIUEHT MaTPUIbl A M IEPECTaBUTh CTPOKU TaK, YTOOBI 3TOT
MaKCUMaJbHBII 3JIEMEHT HAXOIWICS HAa TJIaBHOHM JMaroHamy MaTpuibl A (3JIEMEHT C HMHJAECKOM i),
MOCKOJIBKY Ha 3JIEMEHTHI CTOSIINE B TJIAaBHOW JUAroHaiu OyAeT MpOUCXOAUTh aeneHue. [Ipu stom, uem
OoJibllle JaHHBIA JIEMEHT 10 MOJYJI0, TEM MEHbLIE MOIPEIIHOCTh BbIUMCIEHUH. B 3TOM M cocrout
«BBIOOP IJIABHOTO 3JIEMEHTAY.

2. CeneHue, MOJYYEHHOM MOCH€ MYHKTAa 1 CHUCTEMBbl ypaBHEHHMH K PAaBHOCUJIIBHOW CHCTEME,
MaTpuia Kod(pQHUIUEHTOB KOTOPOW SBIAETCS BEPXHEH TPEyrojbHOW C €IUHUYHBIMU 3JIEMEHTaMH Ha
IJIABHOM IMaroHajau. OTOT IIyHKT Ha3bIBacTCs MPsIMBIM X010M Meroaa ["aycca.

3. BbpluumcniuM 1O TONYYEHHOM CHUCTEME YpaBHEHHMH 3HA4YeHUsT HEW3BECTHBIX B 0OpaTHOU
nociuenosarenbHocTH. OTCI01a Ha3BaHUeE — «0OpaTHbIM xo1» MeTona ['aycca.

2.4.1. Ilpsamoii xox

a, X, +a,x, +a;;x; +...+a,x, =b,
Ay X, +AypXy + Ay X5 +...+a, X, =D,
Ay X, +A3,X, +a3X; +...+a,,x, =b, Ha nepBoM 1miare otiuuuii ot merona JXKopraHa HeT:
a,x, +a,x,+a,x,+...+a,x,=b,
o o »,. _ 30 a, .
X, +ayx,+a;3x;+...+a,’'x, =b af}): L
o 0] O, _p0 ap
........ A3y X, + a3 X5 +...+a,,x, =b, 1 |
M 0 M M o _ b a; =a; —a,-aj)
........ A3y X, + a3 X; +...+a;, x, =b; b’ =— o o
ap b’ =b,—a, b
M 0 n. _p®
........ a, X, +a,;x;+...+a,x, =b,
x, + al(lz)x2 + aflz’)x3 +...+ al(,ll’xn = bl(l) "
2 @, _ 32 2 @ co.
............ X, +ay;x,+...+a,’x, =b, éj):Tl]) i,j=3...N
a
) @, _ 732 22 @ _ M @
.................... a3 x; +...+a;’x, =b; L a;) =a;’ —a;) a3
@ _ 72 @ _ 3,0 M 7@
............................................. b, L0 b =b" —al) -b!
©)) @, _ 702 22
................... ayx;+...+a,’'x, =b,




x, +adx, +ax; +...+alx, =b"
(2) (2) — 1?2
............ X, +ay,x;+...+a,)x, =b, o
(2) — 12 N) _ _n
....................................... as,)x, =b; b,” =x, =—55
ann
(n—1) (n-1)
................................... a,’'x =b,
Oomiast popmyia uist K-oro mara
(k-1) b(k—l)
a® = K. po — Tk .
¥ (k1) ko7 (k-1)?
Ao A
(k) _ (k1) (k-1) (k). k _ g3.(k-1) l’.] = k+1N
a;’ =a; ' —ay a;; b =b""—a,b, Fe1l N_1

Ha C++ npsiMoii xo1 onHChIBAaETCs CAEAYIOUUM 00pa3oM:
nl=n-1;
for (k=1;k<=n;k++)
{
B[K]=B[KI/ALK][K];
kl1=k+1;
for(j=k1;j<=n;j++)

ALKII=AIKIGAIKI[K];
B[]1=BLI-ALIKI*BIK];
for (i=k1;i<=n;i++)
, AlOI=AL]G]-ALKI*ALKIO];
¥
B[n]=B[n)/A[n][n];
2.4.2. O6paTHbIii X0/1.

[Ipu BbIYMCIEHUMH OOpPATHOTO XOJa MOJYYEHHAs MOCJE MPSMOro X0/1a CUCTEMAa YpaBHEHUN
JIETKO PEIIAETCs] OTHOCUTEIBHO HEN3BECTHBIX.

N
_pM b _
xy =b X, , a.x. '
N N l l ,;1 v i=N-1...1

Ha C++ oGpatnbiit xon MmeTona ["aycca onmuchkIBaeTCs CIeIyONUM 00pa3oM

for (12=2;i2<=n;i2++)

{
i=n+1-i2;
j1=i+1;
for(i=j1;i<=n;i++)
, B[i]=B[i]-Ali]l]*BLI;

18

CyMMapHO€E KOJIMYECTBO OMNeparuii yMHOKEHUS U JIeJICHUS, HEOOXOAMMOE JIJISl PEIICHHS CUCTEMBI

ux N ypaBHeHUi, OyZeT COCTOATh U3 MPSMOTO U OOPATHOTO X0J1a.
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2 _ ) ~
'V'r=MnX+M0X=N(2N ;3N+1)+ N(I\; 1) _N(N ;3N 1)

Tabmuna: CpaBuenus no merony ['aycca ¢ cuctemaMmu ypaBHEHUH pa3HBIX HOPSIIKOB.

N 3 4 5 10 25 100
M. 14 30 55 385 5’525 338’350
M 3 6 10 45 300 4°950
M, 17 36 65 430 5’825 343°300

2.4.3. Pacuer npumepa no meroxy I'aycca

20x, —5x, —5x; —5x, =20

—5x,+10x, ...ceenene. =-10
—5x +10x;...... =-30
=5X) e +5x, =20
1 1 1 1 1 1
x1—4x2 4x3 4x4= 1 x1—4x2 4x3 4x4= 1
1 1 12 1 1 12
SR SR
80, 10, 20 X, —2x, =13
7Tt 6% 3
10 25 90 10 20
——Xgt+—X, =— X, = —
7 7 7 3 3
1 1 1 10
X, ==Xy, ——X;——X, =—— 4
4 4 4 7 X, =2
1 1 12
Xy ==Xy ==X, =—— X =2
7 7 7 _ 5
1 13 ¥2 =T
X5 gx4:—? X3:—4
x, =2

2.5. MeToa oOpanieHusi MATPHIL.

Janusbiii Mmeton hopMaibHO Hanboiee OUeBUAHBIN s pemenus cuctem CJIAY.

B sTOoM ciyuae cucTema BHAa Ax =6 IPUBOAMTCA K BUAY X = A 'B, T.e. [ onpejeseHus
BEKTOpa X HYXKHO YMHOKUTh MaTpPHUILy IPaBbIX YacTei Ha 0OpaTHYIO MaTpHIly KO3 (HUITUESHTOB

Knaccuueckuii METOJ; COCTOUT B CIAEIYIOIIEM:
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UCXOJHasi MaTpulla TPAHCIIOHUPYETCs, HAXOAUTCS COIO3HAs, KaXIbId AJIEMEHT KOTOPOH paBeH
MHUHOPY TPaHCIIOHUPOBAHHOW MaTPUILIbI.

[lyrem neneHust COIO3HOM MaTpUIlbl Ha ONPEAETUTENb UCXOIHOM MaTpUIbl MOIYy4aeM HCKOMYIO
00paTHYIO MaTpully.

A =M (D"

—1_1 tr q\i+]
4 —A[Mij( D]

Pacuer ompenenurens nopsaka N (Ha OCHOBE CyMMbI HpsAMOro xoia meroma ['aycca) TpeOyet
Mget= (N-l)(N2+N+3)/3 orieparii yMHOXEHHS U JieJeHus. Toraa 9ucio 3TuX onepanuid, HeoO0X0IMMBIX
st obpamennss marpuubl coctaBut: (N-1)(N?+N+3)/3 + N*(N-2)((N-1)+N+2)/3 + N? = (N-1)(N*-
2N3+4N?+N+3)/3 o ectb KaracTpagu4ecKu BEIMKO MO CPaBHCHHIO ¢ MeTojaoM [aycca 1 cucrem
ypaBHEHHI OTHOCHTEIBHO BBICOKUX MOPSIIKOB.

[TosTOoMy KITaCCHUYECKHUIT METOJ HE IPUMEHSICTCS B pacyeTax, a UCIOJb3YIOTCS APYriue METOIbI Ha
OCHOBE 00paIeHUsT MATPHII.

2.5.1. Metox o0pameHnsi MATPHUIL IIyTeM MEePECTAHOBKU
3JIEMEHTOB CTOJIOOB b n X

CYHIHOCTBI 3a N OJHOTHUIIHO ITOCJICAOBATCIBbHO BBIIIOJHACMBIX HIAroB MCHAIOTCA MCCTaMH
3JICMCHTBI CTOJ'I6I_IOB IIpaBbIX YacTel U HEU3BECTHHIX B CUCTEME ypaBHeHI/Iﬁ Ax=b.

B pesymbrare nomydaem cuctemy Cb=Xx, cnemosatensio C = A~

(1) _
a; | X, +a,x, +a;x; +....... +a,,x, =b,
Ay X + AypXy +Ay3 X5 + .. +a,,x, =b,
QX +A5nXy +a,,X5 + +a,x,=b,
b, a, a; In
X, = ——=X, ——=X; — X, W TOJACTaBUM BO BTOPOE YpaBHEHHUE:
a,, 4y 11 a,
a,b, a,a a,a a,a
2l ey 2By -2y vax, Ha, Xyt ta,,x, =b,
a a ap a,
a,.b a..d a a,.a
2101 219 2193 21%,
22 X, +| ay — 3t Ay, . =b,
a a 11 1
a_b a.a a
ni™~1 anz _ n1™12 X2 + an3 _ n1™"n3 XS 4.+ ann n1="n ) _bn
a;, 11 a;, a,

B nonydeHHo# cucteMe ypaBHEHUH MOXHO BBIICTTUTH TP OCHOBHBIX HAMPABJICHHUS ITepecueTa
3JICMEHTOB TI0 OJTHOTHITHBIM BBIPAKCHUSIM:

1) JImaronansHble KOAPPUIHESHTHI.

2) HepmaronanbHble 3IEMEHTHI [-TOM CTPOKH.

3) HenmuaronanbHsie 31eMeHTHI |-TOT0 CTOIOIIA.

4) Bce ocTanbHbIE JIIEMEHTHI.
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Ecnn mpeoOpa3oBaHHYI0 CHCTEMY IOcjie 1-TOro mara HpeACTaBUTb B CIEAYIOLIEM BHIE, TO
HOTYyYHM
a b, +a,x, +a;;x; +....... +a,/'x, =X,
Ay b, + Ay, X, + a5 + . +a,,x

a,b, +a,x,+a,x;+.... +a,x,=b,

al) = L a) =—a%a,, - >nement crpoxu;

1= 1 = 44 p 5

a

1 1
al’ =a,a) - onemenr cronbua;

O _ M ii=
a;’ =a; —a;’ a,; - BCe ocTalbHblC d1eMenThl  (1,j)=2..,N)

Ha BTopoM mmiare neicTBus aHAIOTUYHBI

1 ..
(2) _ 2) _ @ 2 2 _ 0 2 (2) _ 4@ (2) 4 (1) — T
a, = a,; =—a,;da, a, =a,0a), @ =q; —q; ay; (ij=1.N) i,j=#2

Z[J'ISI IMPOU3BOJILHOI'O 1Iara Kz

1
(k) _ . (k) _ (k=1) (k) . (kK _ (k=) (k).
Ao = Gy Yy =45 Qe s Ay =ay Ay
o
K _ (k1) K (k1) A ..
a;. —a; —a a; ", k,ij=1.N) i, j=k

[Tocne BBIMIONIHEHUS N IIaroB, ClieBa MONy4yaeTcss oOpaTHas MaTpHIla, YMHOXKEHHas Ha CTOJOell
IpaBbIX yacTeil. B aTom MeTone, kak u B Metoze ['aycca TpeOyeTcs BBIIOJIHEHUE YCIOBUSA @, # O

I[J'ISI OLCHKHU BBIYHCITUTEIIHHOM TPYAOCMKOCTH MOKHO KaK MW pPaHbUIC OIPCACINTbL YHCIIO
onepauﬂﬁ YMHOXCHUA U JCJICHUA. O):[HaKO B JJAHHOM CJIy4a€ 3TO MOKHO CACJIaTb 0e3 BI)I‘II/ICHGHI/II\/'I,

BOCITIOJIb30BABHINCH CIICAYIOIIHUMU PaCCYKACHUAMMU!
1. Kamnoe nus3 BLIpa)KeHI/Iﬁ JJIsA k COACPIKUT OJHY U3 onepaunﬁ YMHOXCHUSA WA JCIICHUS.

Ha KaXIOM IIary IepecuuTHIBAIOTCSA Bce 3meMeHTHl Matpuibl A, T.e.(N?), BeIUHCIAETCS N MIaros ¢
>tuMu  neMeHTamu. CIle/loBaTeNnbHO, BHIYMCIEHHE obpaTHOH Matpumsl Tpebyer (N ?)omeparmii
YMHOXEHUSI U JIeJeHHs. DTO CYLIECTBEHHO MEHbIIE, YeM B KJIAaCCHYECKOM METOJE, TaK KaK TaMm
(N°) oneparuii yMHOKEHHUS U IETEHHS.

2. Pemenne CJIAY mnopsaka N, cocrosimiee B oOpaiieHMM MaTpullbl A M YMHOXXEHHE €€ Ha
cTonbel MpaBbIX YacTeit coctout u3 M, = N° + N° onepaiuii.

Brruncnenue oOpaTHO MaTpHUIlBI IO METOAY TIEPECTAHOBKU CTOJIOIOB JIEBBIX M MPABBIX YacTel
KOMITAaKTHO mporpammupyetcs Ha C++ cieayronum o0pa3oMm:



22

for (k=1;k<=n;k++)

{
ALK][K]=L/ALK][K];
for (i=1;i<=n;i++)
if((i-k)!=0)
ADNKI=ALTKI*ALK]LKT;
else goto 1;
for (j=1;j<=n;j++)
if((j-k)!=0)
, ANGI=ADIGI-AGKI*ALKIL];
}
}
for (j=1;j<=n;j++)
if ((j-k)!=0)
, ALK]I]1=-ALKIGT*ALKIKT;

Pacuer npumepa no meronry oOpaiienust MaTpull. bepem ToT *ke npumMep 1 BeieM BBIYUCICHUS IIPSIMO 110
MIOJIyYE€HHBIM (popmysam:

11 1 1
20 4 4 4
-5 10 0 0 - T T T
_ o_| 4 4 4 4
s 0 10 o A= 21 5 3% 5
_ 4 4 4 4
5 0 0 5 15 8 8
4 4 4 4
2 1 2 2 1 1 1 1
35 35 7 7 15 30 30 3
r 4 1 1 r 7 11
4® | 35 35 7 7 4® —| 30 60 60 6
201 10 o171
7 7 7 7 30 60 60 6
22 b 1025 1 1o
7 7 7 7 3 6 6 3
b1 11
10 20 20 10
11 1 1 [20) (-2
o 2 an Al =10 =2
4 _ -1y _ 20 8 40 20 _
i R W W e [
20 40 8 20
Tooo1 3P
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2.6. OueHKa CpaBHUTEJIbHON BBIYMCIUTEIbHOM 3(PPEeKTHBHOCTH
MeToa 00paleHusi MATPULbI IPH MHOTOKpaTHOM pemieHun CJIAY

B anexrporexHuueckux pacuerax yacto npuxoautcs pemarb CJIAY, B KOTOpbIX MaTpula
KO3 PHUINEHTOB OJJMHAKOBA, & M3MEHIETCS CTONOEL MpaBbIxX yacTeil. B aToM ciydae meron oOpamieHus
MaTpULIBI UMEET TO SIBHOE MNPEUMYILECTBO, YTO HamOojee TpyAoeMKas 4YacTh pacuyeToB, a HMEHHO
BBIYHCIICHHE 0OPAaTHOW MaTPHIIBI BHIMOIHICTCS TOJBKO OJIMH Pa3 M IS KaXKIO0TO CTOJIOIA MPaBbIX YacTei
BBITIOJTHSIETCS TOJIBKO YMHOKEHUE MATPUIIBI HA CTOIOEL.

[ToaTomy ecnu HEOOXOAUMO PEIIUTh V TaKUX ypaBHEHHH, TO METO] OOpalIeHUS MATPHIIBI JUIs
3TOTO CiIydYasi OnpeesieTcs

M oy = N? +VN? onepanuii 1eJICHUsI 1 YMHOKCHUS.

Merton I'aycca B 3TOM ciydae JOJDKEH HPUMEHSTHCS B IOJIHOM OOBbeMe JUIsl KaX[bIX OINepaluii
JIeBBIX YacTeil u OyJeT UMeTh

M, =VN(N > +3N —1)/3 onepauuii 1eJEHNS 1 yMHOKEHHS.

W3 comocTaBieHus 3TUX BBIPAXKEHUH ClIeyeT, 4TO Korjia
V >3N?/(N°]) T.e. V>3, a N>3.

MeTo oOpamieHus MaTpuibl TpeOyeT MeHbIIero oO0beMa BBIUMCICHHWH, 4eM Mmeron [l aycca.
OpnHako, caenaTb OKOHYATEIbHBINH BBIBOJ O PAallMOHAIBHOCTH METOJa OOpallleHUs MaTpULbl ObLIO Obl
MPEXIEBPEMEHHBIM, JI0 paccMOTpeHUs 3(PPEeKTUBHBIX METOAOB PpEILICHUS, OCHOBaHHBIX Ha
(bakTopu3alMU 3JIEMEHTOB MAaTpPHULbl, T.e. IPEACTABICHUS €€ B BHJAE MATPHULBl COMHOXXUTEJIEH
CHELMAIbLHOTO BU/IA.

2.7. MuorokpartHoe pemenue CJIAY.
Metoa TpeyroabHoi (pakTopu3anuu MATPULbI KO3(PPUUHEHTOB.

CymiecTBo yka3aHHOTO METOZa 3akKio4aeTrcs B TOM, 4To MaTpuia koddpdunuentos A, CIIAY

BHIA
Ax=b

MpeJCTaBIsieTcss B BUJA TMPOU3BEACHUA HIDKHEH u BepxHed A-marpuiel. V3BecTHO, 4YTO Takoe
MPEJICTABJICHUE BCETJa BO3MOXKHO JIII HEOCOOCHHOW MaTpWIlbl A ¥ TpU 3aJlaHUU JIHArOHAJILHBIX
AJIEMEHTOB OJTHOW M3 MaTPHI] COMHOXKHUTENEH, a TaK’Ke€ OHO €IMHCTBEHHOE.

[IpencraBum Ax =b B BUge LHx=>b

L,H — COOTBETCTBEHHO, HIKHSISL U BEPXHSIS TPEYTOJIbHBIC MATPHIIBI.

0
L= H= 0
U TIPU TaKOM IPE/ICTaBIEHUH 3Ta CUCTEMa MOXKET OBITh MPEJICTaBlIeHa B BUJIE IBYX CUCTEM,
Ly=»b
Hx=y

U3 KOTOPBIX TMEpBasi periaeTcsi MpsiIMOi MOJICTAHOBKON OTHOCUTENBHO (Y), a 2-asi - OTHOCHUTEIBHO (X) —
00paTHOM OJCTAaHOBKOM.

Pazouenue matpuisl Ha MmaTpuilel L 1 H Ha3siBaeTcs mpeyzonvhoil ghakmopuszayueii.

Jns ompeneneHust (axkropu3oBaHHBIX MaTpull L u H, mpousBeneHune KOTOPHIX pPaBHO A,
BOCITOJIB3YEMCSI MATPUYHOM 3alMCBIO MPSIMOTro XoAa Meroaa ['aycca, B pe3ynbrare KOTOpOro marpuna A
IIPUBOJIUTCS B BEPXHUI TPEYTOJIbHUK.

[Tosicnenust cymiectBa nmpeoOpa3oBaHuii OyaeM BECTH Ha OCHOBE MATPHIIbl YETBEPTOTO MOPSIKa,
7enasi 1o Mepe Heo0X0AUMOCTH 0000IIeH s, Ha ciaydail mopsika N.

Ha nepBom mare nucxonnas matpuua Ko3pUInueHTOB:
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oS O O =
—~
=
=
—
=
=
—~
=
=

1
A= npuBoautcs K Bugy A" =
d;; A3 A3z Uy sy, A3z Ay
Q)] €8 Q)]
Ay Ay dyy Ay A Q3 Ay
a, .
o _ 1. O _ _ M.
a)) =—=, a; =a;-a,a;;;
a,

OT10 npeoOpa3zoBaHNe MOKHO BBIIOJIHUTD ITyTEM YMHOXKEHUS MaTpULbl A ClIeBa Ha MaTpULLy:
1

— 0 0 O
ap,
D 9 0
T, = a, A(l):TlA
B o100
ap,
9 0 1
ap

Ha Bropom mare nonydaem mMatpuiyy A%

1 0 0
1
1 a2 a? a¥ 0
0 1 a®? a® 22(1)
A"=10 0 a@ a® AV=047 T, =l %2 4
Az30  Agy a®
0 0 a a? a%f)
0 —% 01
a‘22
Ha tpetsem mare:
0 0 0
1a al al 1o
A(3) = 0 0 ;-3 aig) A(3) :T;A(Z), rae T3: 0 0 —g
34
0 0 0 ay 00 —% 1
a33
Ha gyeTBepTom mare:
1 al a® 1 00 O
0 1 42 4@ 01 0 O
4 _ 23 24 | — (3) _
A & |TTaA Li=lo o1 0
0 0 1 asy, 1
0 0 0 1 000~
44

T.e. matpuma A mpusemeTcas K BepxHeil TpeyrombHoii wmatpune A c  eauEmuHBIME
JUArOHAJIbHBIMU JJIEMEHTAMM

4D = TIA : 4P = TzA(l); A = T3A(2); 4@ = T4A(3);
H=A®=T,A® =T, T, A® =T,T,T,AY =T, T,T,T, A =TA
e T=T,T,7,T,
OueBHAHO, YTO AJIsI CUCTEMBI TTOpsiKa N:



25

N
H=A™=(]T)A=TA
i=
Otcrona cienyer, 4To
A=T"H=T""T,'T,'T,'H

Paccmorpum, uro takoe 7, 7, T3 T,

a, 0 0 0 1 0 00 10 0 0
4o lay, 100 L |0 ay) 000 L 01 0 0
I = I, = ) Iy = (2)
a;, 0 1 0 0 a;;7 1 O 0 0 a7 O
a, 0 0 1 0 a) 0 1 0 0 a? 1
1 00 0 a, 0 0 0
010 0 D0 0
I = =] a?lz) @) =L
001 0 a3 43  ds; 0
00 0 af ay ) @ af)

Eciu BBITIOMTHUTE BBIYMCIICHHS MPSMOTO Xoaa Meroaa ['aycca, T.e. pacueTsl 10 MPUBEICHHBIM B
Hayvane Jekuuu BeipakeHusM it N =4 u K =1, 2, 3,4, To BMecTO MaTpuIlbl A TIOTYyYUM Cliedyromlee:

@) @) @)
a; &5 &3

) (2) (2)
8y 8y 8y Ay
TO €CTh deMeHTHI MaTpull L u H, 3anucanubie

0e3 Hynel u eguHMIl (Ha TUaroHanu MaTpuibl H).

Wraxk, pasnoxenne A = LH noiydaeM B pe3yibTaTe BBIIOJHEHHUS NMPSMOro xoxa Merona I'aycca
10 MPUBEICHHBIM B Hadalle TEMBI BBIPAXKECHUAM. B MTepaTrype uMeercs J0Ka3aTelbCTBO TOTO, YTO 3TOT
BBIBOJ] CITPABEUINB U1l MAaTpUIIbl A JH000T0 MOpsIKa.

ITocne paznoxenus matpuuel A Ha L m H npsmoil moacraHoBkoil pemaem cuctemy Ly =b,

HaxXo/s y. U 00paTHOM MOICTAaHOBKOM periaeM ypaBHeHue Hx =y .

Pemenne cucrembl N JIMHEHHBIX YpaBHEHHUH MO METOAY TPEYrojJbHOM (haKTOpU3alMi MaTpPHULIbI
KO3 PHUIHUEHTOB TpeOYyeT CTOJIBKO K€ ONEepaliil yMHOKEHUS M JIeIeHus], 4yTo U MeTon ['aycca. OngHako
Ipe/icTaBlIeHre MaTpULlbl KOA(Q(UIIMEHTOB B (pakTOpU30BaHHOM BUae A = LH nenaer 3ToT MeTo] Ooiee
3¢ dexTUBHBIM, YeM MeToA [aycca mpu peuieHHH V CHUCTEM YpaBHEHMH, OTIMYAIONIMXCS CTOJIOIAMHU
MIPaBbIX YacTeH.

JIeCTBUTENBHO, B 3TOM ciy4ae (hakTopu3alus MaTpulibl Ko UIIMeHToB BeinoaHseTcs N pas, a
V pa3 moBTOpsieTcsl BbIUMCIEHHE TONbKO Y, X. OObeM BBIUMCICHMH 37€Ch MEHbIIE, YeEM B METOJE
oOpareHus: MaTpHIbl K03 (QUIIMEHTOB ITyTeM MePECTaHOBKU CTOJIOIIOB U CTPOK.

Takum oOpa3zom, weron ¢akTopuzaluu MaTpulbsl  Kod()PUIIMEHTOB, OCHOBAaHHBIM Ha
BBIUHCIIUTENBLHOM cxeme mpsiMoro xoja Merona l'aycca, nmpeacrapisercss HauOojee MpearnouTUTENbHbIN
s pemeHust Heckoibkux CJIAY, oTnuyaronuxcs ee cTojaduamMu mpaBoil 4acTu. ITo METOJ 1Mo 00beMy
BBIUMCIICHMM He ycrynmaeT Mmerony l'aycca m mpm omgHokpatHoM pemieHun CJIAY. Opnnako 31eck
HECKOJIBKO MEHBIIAsi KOMIIAKTHOCTH BBIYMCIUTEIBHON CXEMbI MOXET NMPUBECTH K YIPOIIEHUIO METOAA
lNaycca. B obmem ciyuae ans mHorokpatHoro pemenus CJIAY ¢ mocTtossHHOW Matpuiieid A ¥ pa3HBIMH
MPaBbIMH YaCTSAMH (YTO 4acTO ObIBAeT B JIEKTPOIHEPreTUUYECKHX pacueTax) Hauboliee MpeArnouTUTEIeH
METO/]I TPEYTOJIbHOM (haKTOpU3AIIHH.



nl=n-1;
for (k=1;k<=n1;k++)
{
k1=k+1,
for (j=k1;j<=n;j++)

ALKIGI=ATKIDI/ALKIIKT;
for (i=k1;i<=n;i++)
AlDI=ALDI-ADKT*ALKILI;
}

B[1]=B[1V/A[L][1];
for (i=2;i<=n;i++)
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Ha C++ Meron TpeyroiabHOH (pakTOpHU3aLUU MPOTPAMMHUPYETCS CIEAYIOIMIUM 00pa3oM:

- IIOCJIC TIEPBOTO U BTOPOTO

{
nl=i-1;
for (j=1;j<=n1;j++)
{
B[i]=B[i]-A[i][]*BLI;
B[i]=B[i/AL][];
}
for(il=2;il<=n;il++)
{
i=n+1-i1;
j=i+l;
for (j=j1;j<=n;j++)
B[i]=B[i]-ALi]LI*BLI;
}
IIpumep Ha paccmMaTpuBaeMbIil METOA
0 -+ 1 1
10 -5 -5 =5 i 1
|75 100 0 A_—5 7 7 7
-5 0 10 0 g 5 60 1
— 4 7 6
50 0 5 . 5 010
4 7 3
mIaroB
20 0 0 0
-5 3_5 0 0 » -20
Y, -10
-5 _3 8 0l = 310 cuctema Ly=b
7 Vs -30
_s 5 10 104 {y,) (20
7 3
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y =-1 X =
» _ 12 x, =—4
27
__2 X, =-2
Y3 3
Yy =2 Xy =2
L B | 1
4 4 4| (X 12
1 1 -—
- _Z]lx
0 1 7 7 2= g stoHX=Db
X, _ 12
0 0 1 ——
6 | \t4 23
0 O 0 1

2.8. Ocobennoctu pemenusi CJIAY 3/1eKTPHYECKHX CHCTEM

Pemenne CJIAY niis 21€eKTpUUYECKUX CUCTEM UMEET CIIEAYIOIINE OCOOCHHOCTH:
Bricokuii mopsiIoK CUCTEMBI.
CUMMETpUYHOCTh MaTPHIIBI KO UIIHEHTOB.
Cnabas 3al0IHEHHOCTh 3TOM MaTPHUIBL.
ABTOMAaTHYECKHM BBIIIOJIHAET YCJIOBHE HEPAaBEHCTBA HYIIO JHAarOHAJIBHOIO JJIEMEHTA.
Hcnonbp30BaHne METOA Y3JI0BBIX IOTEHIIUAJIOB.

YU, =J

rae Y, - MaTpuia y3noBbIX MPOBOAUMOCTEH MOpsiiKa (n—1);

el A

U ,- cron6en (n —1) HanpsbkeHUH (KOMILIEKCHBIX ), Y310B OTHOCUTENILHO 0a3UCHOTO;
71 - 9UCJIO Y3JIOB CXEMBI 3aMEIICHUS;
J - cronGert pasmepa (1 —1), 3a1a1011Hii TOKOB y37I0B.

[IprurHaMu MHUPOKOTO UCMIOIB30BAHNUN YKA3aHHBIX YPaBHEHUH SIBISETCS MPOCTOTa (POPMUPOBAHUS
MATPHUIIBI Y3JIOBBIX TPOBOAUMOCTEM, MPOCTast BBIUUCIUTENbHAA CXEMa pacuéra MaJieHUN HaNpsHKeHU! 1
TOKOB BETBel IpU U3BECTHBIX U ,, a TaK)Ke MUCHOIb30BaHKE 4 MyHKTa, OMNUCAHHOTO BBIIIIE.
Martpuiia y3moBeIX TPOBOAUMOCTEH 00J1aa€T TAKUMHU CBOMCTBAMH KaK CUMMETPUYHOCTb, cladas
3aIM0JITHCHHOCTD, YY€T KOTOPBIX MO3BOJIACT 3HAYUTCIIbHO YMCHBIINTD 00BEM BBIYHCIICHUI IIpUu pCHICHUHA
y3JIOBBIX YPaBHEHUH.

2.9. Y4eT CHMMMETPUYHOCTH MATPHIbI Y3JI0BbIX IPOBOAUMOCTEM

OTO CBOWCTBO MAaTpPHIBl Y3JOBBIX NPOBOAUMOCTEM HApyHIAeTCs TOJIBKO IPU Y4YETE B CXEME
3aMEIIEHUs] IJIEKTPUYECKOM CHCTEeMbl TpaHc()OpMAaTOpPOB C KOMIUIEKCHBIMH KO3 PHUIHEHTaMU
TpaHnchopmaIum.

B Gosnbiiom yncne uccneaoBaHUi yCTAaHOBUBIIMXCS PEKUMOB TpaHC(HOPMATOPBl YUUTHIBAIOTCS B
CXEeM€ 3aMEeUICHHs 3JIEKTPUUECKOH CHCTEMbI JIMOO 3JIEMEHTaMH, BKIIOYAIOIIMMHU CONPOTUBIECHUE H
ujea’sbHble TpaHC(POPMATOPbl C BEIIECTBEHHBIMU Kod(duuueHtamMmu TtpaHchopMaiuu, JUOO TOIBKO
COIPOTHBIICHUSIMU MPUBEIEHUS CXEMbI 3aMEILIEHHUs K OTHOM CTYNEeHH HaIlpsHKEHHUS.

B sToM ciyyae MaTpuIa y3710BbIX IPOBOJIUMOCTEN SIBISAETCS CHMMETPUYHOM.

Ipu pewennn CJIAY  ax =0 cummeTpuyuHO# MaTpuiibl (Kod3bduImeHTsl a,; =a ;) B mpouecce

BBIUUCIICHUA IPAMOIo XxXoga METoaa Faycca COXpPAaHACTCA CHUMMCETPUYHOCTL IIPAMOIo XxXoda
AUaroHaJbHOI'O 6n01<a, PACIIOJIOKCHHOI'O IPAaBCC U HUKC BECAYLICTO DJICMCHTA!
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* _ )
i = i

DTO cienyeT U3 pacuETHBIX BBIPAKEHUM.

a

a® D gD
*) _ k=) _ =) () _ G- Tk T e
a; =a; ' —ay ‘ay =a; ————, Lj=k+1..,N
(k1)
Ay
(k-1) _ _(k-1)
Ecmn a7 7 =a;,
0CJIe HECKOJIBKHX IIAroB 3TO BBIPKCHUE IIPUBONUTCS K BUJL
ITocne e
(k1) (k1)
a . a,.
0 _ kD G _ ke Tk TR
Aji =dj —dy g =4 wn
Ay

*)
yj TPH

i,j=k+1,..,N Oyaer CAMMETpHUYHBIM Ha KaXJIOM IIare mpsMoro xoaa meroaa ['aycca ¢ marom
k=1,..,N-1.
OTOoT (pakT HAMISIHO BUJEH Ha mpuMepe Metona ['aycca.

VYka3aHHOE CBOMCTBO COXpaHEHUS CUMMETPUHU MTO3BOJIET O0JIee palliOHaIbHO OPraHU30BaTh
BBIYHMCIIUTENBbHBIN IIpoLIecC PAMOro xoa Meroaa ['aycca. Hanpumep, MOKHO oneprpoBaTh TOJIBKO
HIWKHENW A noaMarpuilbl A (BKJIIOYAs TJIABHYIO IMArOHAIb ), 3aMOHSS B MPOIECCE BEIUUCICHUS
BEPXHIOK A -IIOAMATPUILY JIEMEHTAMM BEAYIIEH CTPOKH I Ka)KJI0r0 1ara npu i # j .
PaccmoTpuM cxeMy MOCTpOEHHE TaKOr0 BHIYUCIUTENBLHOTO MPOLiecca Ha PUMEPE CUCTEMBI 4-T0
MOPsIKa, BBOJS B pacueT TOJIbKO HIDKHIOK A TOJIMATPUIly CHMMETPUYHON MAaTPUIbl KO (HUIIMEHTOB.
O0603HauuM ocTaibHbIE HEUCIIOIb3YEMbIE 3JIEMEHTHI B BBIUUCICHUX X . B 3TOM ciyuae cucrema
YPaBHEHUH MPUMET CIECIYIOIINI BU

To ecTb ecin HUCXOJHasd MaTpula CMUMMETpHUYHA, TO U COOTBCTCTBYI-OH_[I/Iﬁ I[I/Ial"OHaJ'II)HHﬁ 010K a

a, x x X X, b,
Ay Gy X X X | _| b
;1 Q3 Q3 X X3 b,
Ay Gy dyy Gy Xy b,
Ha nepBoM miare nepecunThIBaeTCs 1MaroHadbHbINA OJIOK HIXKHEN TPEyroJbHON MOAMATPULIbI [T
i,j>1.
Loal e o) (%) (B
0 a4 x x IR b{"
0 a) &V x ||x | |b"
0 a2 o o)) (o

HepCCI-II/ITLIBaIOTC}I 110 CJIICAYIOIIHUM BBIPAKCHUAM

b a.
bl(l) =— bi(l) = bi - ailbl(l) al(il) == ai('l) =4a; — aila(‘l)
a a ij ij J
11 11
Ha BTOpOM mIare BbIYUCJIICHUA BBITIOJIHAIOTCA aHAJTOTHUYHO
@ (€] (€] @
1 a; a3 &y Xy bl
(2) (2) (2)
0 1 Ay Ay X, bz

0 0 a x ||X| |b?
0 0 ag af)\x) (b?

(2) b2(1) 2) () M7, (2) (2) Cl-(;) (2) 1) @ 2

— — — ! —_

b,” = a® b” =b;" —a; by b =0 a; =a; —a;a;
22 22



Ha TPETHEM LIAre BbIYHUCJICHUA aHAJIOTUYHBI.

@) ()] @) )

1 a;, a; ay X, b
(2) (2) 2)

0 1 ay] ay; ||X, b;

3 | BERE)
0 0 1 a®||x,| |bS
3) 3)
0 O 0 a,, Xy b,

o B po _po _aope a0 _ 8% @) _ o _ 42450
by =—5 b =b;7 —a;b; 34 =3 Quy =44 — 385
as; ags
X6l
Ha yetBepToM miare: bV = %
Ay
m O 0 1
1 a, a5 a X, b,
E e )
0 1 a7 ay 1 *2 _ b,
0 0 1 a¥||x| |s®

o0 o 1 )lx) (p®

Brruucnenue oOpaTHOro X0/1a BRIMOTHSAETCA TaK ke, Kak U panee. (cMm. meton ["aycca).
BrruuciurenpHas cxema npsiMoro xoza meroja ['aycca ¢ yu€ToM CHMMETPUYHOCTH MaTPHUIIbI
k03¢ dUIIMEeHTOB JeTko oOpataeTcs Ha obuuit cirydait N ypaBHeHuil. B atom cinyyae ot £ =1..N. D10
MIPEJICTABIISACTCS CIASAYIONINM 00pa3oM

“ pkD
. .
bk =D i=k+1,...,N
A
b® =D gk Dp® Jj=k+1,..,i
(k1) (N-1)
a(k) _ay b(N) — bN
Ko7 kD) N (N-D
Ay ANy
k) _ (k=) __(k=1) (k)

[Iporpamma peanuszanuu pacueTHbIX GpopmMyi npsMoro xoaa Metoa ['aycca ¢ ydéToM CHMMETPUYHOCTH
MIPAKTUYECKH Ta K€, 4TO U B 00bIYHOM MeTojie ['aycca. OTnuyaercs TOJIbKO MOPSAIKOM CII€IOBAHUS

HWHJACKCOB B BBIPAXKCHUAX TJIA a,(;) Ha K-oM 11are ¥ KOHEYHBIM 3HAYEHUEM napamMeTpa rUKJIa J

Ha C++ yka3zaHHbIC 0COOCHHOCTH METO/Ia PEATU3YIOTCS CICTYIOIIMM 00pa3oM:

nl=n-1;

for (k=1;k<=n1;k++)

{
B[K]=B[KI/ALK][K];
kl1=k+1;
for (i=k1;i<=n;i++)

ALKI[=AT[KVATK] [K];
Bli]=BLi]-Ali][K]*B[KI];
for (j=k1;j<=i;j++)
) AlGI=ANIDI-ALTKT*ALKIDL
}
B[n]=B[nJ/A[n][n];
O4eBuIHO, YTO B PE3yibTaTe BBIMOJTHEHUS PACUETOB MO TMPHUBEICHHBIM (opMylIaM Ha MECTe

9JIEMEHTOB MaTpullbl A TOMy4uM 3JeMeHThl MaTtpull L u H gaxktopu3oBaHHOH MaTpuisl A4,
3aMMCaHHBIX 0€3 HYJICH U eUHUIL. DTO TIO3BOJISIET 3aMKMCaTh arOpUTM A (pakTopHU3anuu MaTpUIsl A .
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(k-1
a.
(k) _ “ik (k) _
ki T (k=1) a; =4a;
Ay

k=1,.,N-1 i=k+1,...,.N-1 Jj=k+1,..,i
B C++ ykazaHHble BBIpOKCHHS IS HaXOXKICHUS (PAKTOPU30BAHHOM MATPHIBI C Y4ETOM
CI/IMMeTpI/II/I HNCXOIHBIX BBITJIAAUT CJIGI[YIOIJ_II/IM 06p3.30MI

(k-1) (k=1) (k)
i A Ay

nl=n-1;
for (k=1;k<=n1;k++)
{
kl=k+1;
for (i=k1;i<=n;i++)

{
ALKIT=ALTKVALK][K];
for (j=K1;j<=i;j++)
A[i]U]T[i][i]-A[i][k]*A[k][i];
}

CymiecTBeHHas 5)KOHOMUS B 00bEME BBIUUCICHUN TTPU YUETE CUMMETPUYHOCTHA MATPHUIIBI
KO3 (QUIIMEHTOB IOCTUTACTCS JUISI OTHOCUTEIBHO OONBINNX MOPsiAKOB N cucteM ypaBHeHwmid. [locnennee
XapaKTepHO JUIS 3a/1a4 U Pacu&TOB CIOKHBIX ANEKTPUUECKUX CXEM U, CIEIOBATENBHO, YUET CUMMETPUU
IIPU 3TOM BEChbMa Ba)EH.

2.10. Y4ér c1a0oii 3a110JTHEHHOCTH MATPHIBI Y3J10BbIX IPOBOAUMOCTEH

Kak u3BecTHO, MaTpHIia y3JI0BbIX MPOBOJAUMOCTEH (HOPMUPYETCS CIASAYIOIUM 00pa3oM: KaxKIbli
JUAarOHAJIbHBIM DJJIEMEHT Y, paBeH CyMME INPOBOJUMOCTEH BETBEH, CBA3AHHBIX C COOTBETCTBYIOLIUM

Y3JI0M (i ) CXEMBI 3aMEIICHHS JICKTPHIECKON CHCTEMBI, & KaXK/Iblil HEANArOHAIIBHBIN 3JIEMCHT Y, paBeH

IPOBOAUMOCTSIM BETBEH, CBA3BIBAIOINEH COOTBETCTBYIOIIHME Y3IbI i, j, B3ATHIM C OOPATHBIM 3HAKOM.
Otcrona ciemyeT, 4To IS MAaTPHIBl Y3JIOBBIX IPOBOAMMOCTEH, COCTABIEHHON I BCEX Y3JIOB CXEMEI
3aMeIleHns, W3 OOIIEero 4mcia dmeMeHToB N’ Oymer N +2m HEHYJNeBBIX, TAE M - 4HCIO BETBei. A
octanbHble N° — (N +2m) d7eMeHTOB OyIyT HYJIEBBIMH.

Z[J'ISI CXEMbI 3aMCHICHUA CJIOKHBIX 3JICKTPUUCCKHUX CHUCTCM OOBIYHO BBITIOJIHSACTCS COOTHOIICHUE
m= 1,511 . Uucao HYJICBBIX 3JICMCHTOB MATPHIbI Y3JIOBBIX HpOBOI[HMOCTCfI COCTAaBJIACT IMPHUMEPHO 4n .

Jlig 60ABIMIMX 7 MaTpHIla Y3JIO0BBIX MPOBOAUMOCTEN COAEPKHUT OOJBIIOE KOJIWYECTBO HYJEH, TO €CTh
ABNSIETCA C€1a00 3aloJIHEHHOM, M BBIYMCIUTENBHBIE AITOPUTMbI C Y3JIOBBIMU IPOBOJUMOCTSIMU
1enecoo0pa3Ho OpraHu30BaTh TaK, YTOOBI ONIEPUPOBATH TOJBKO C HEHYJIEBBIMU dJIEMEHTAMH.

IIpn pemeHun y3I0BBIX ypaBHEHUN MeETOAOM [laycca Marpuma y3JI0BBIX IIPOBOAMMOCTEN
MEPECYUTHIBAETCS B MpPOLIECCE MPSMOT0 XOJa, B Pe3yJbTaTe Yero B HEll MOSABISAIOTCS HOBBIE HEHYJIEBbIE
AJIEMEHTHI, TO €CTh €€ 3allOJIHEHHOCTh Bo3pacTaeT. O4YeBHAHO, YTO CTENEHb TAKOTO BO3pacTaHUs Ha

Ka)X70M I1are k 6yaeT TeM 6oblie, 4eM GOJIbIIe HEHYIEBBIX 2IEMEHTOB B cTpoke k marpuisr A% .
[TockonbKy pa3HbIe CTPOKH MAaTPHUIBI 4 cOJepKaT B OOIIEM Cilydae pa3HOe YHCIIO 3JIEMEHTOB (K Pa3HBIM
y3JlaM TOAKJIIOUEHO Pa3HOE YUCIO BETBEH), TO BHIOOp HyMEpaluu Y3JI0B, TO €CTh MOPSAJIKA CIET0BaAHUS
V3JIOBBIX HAIPSDKEHWH, OIpeneNnseT W3MEHEHHWE CTENeHHM 3alloJIHEHHOCTH MAaTpHUIl B TIpoOIecce
BBIUUCIICHUST TpAMOro xoaa merona ['aycca. OntumanbHOW 371ech OyJeT Takas HyMepaiusi, KOTopas
MIPUBOJNUT K MUHAMAIBHOMY YBEIIMYSHHIO CTETICHU 3aTI0JTHEHHOCTH MAaTPHIIBI A .

OmnpeneneHre ONTUMAIbHOW CXEMbl HYMEpAallMU SIBJISIETCS BECbMa CIIOKHOW 3ajqaueil, W Ha
MPAKTUKE IPUMEHSIOT ITPOCTHIE METOIBI, TAOIIHE PEIICHHS, OJTM3KHE K ONTHMAIHLHOMY.
MeToa y3/10BBIX IOTEHIIMAIOB 00Jiee BBITOJICH JUIsl COCTABJICHHUS KBAaJPaTHON MaTPHIIbI KO (HUIIMEHTOB:



— cia0as 3aloJIHEHHOCTD;
— CHUMMETPUYHOCTE;
- A=#0.

OnuH U3 TaKUX CIIOCOOOB HYMEPAIIUU COCTOUT B TOM, UTO y3JIbI HyMEPYIOTCS B IOPSIKE BO3PACTAHUS
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YHcJIa CBSI3aHHBIX ¢ HUM BeTBel. Takum 06pa30M, YpaBHCHUA pacCIiiojiararoTcsa B IMOpsAAKE BO3paCTaHUA

YKCJIa HEHYJIEBBIX 3J1eMeHTOB. [Ipu 3TOM 1J1s COXpaHEeHHs] CAMMETPUYHOCTH MaTPHUIIbI IEPEeCTaHOBKa
ypaBHEHUH JOJIKHA COMPOBOXK/IATHCSI COOTBETCTBYIOIIEH MEPECTAHOBKON HEM3BECTHBIX.
Paccmotpum 3pdexT Takoit Hymepauu Ha IpUMEPe CUCTEMbI YEThIPEX YPaBHEHUIA:

20x, -5x, -5x; -5x, =—-20

-5x,+10x,

-5x, +10 x,

-5x,

=-10
=-30
+5x, = 20

B matpure ko3¢ uIHeHTOB 3TON CUCTEMBI 6 311eMeHTOB U3 16-TH paBHbI Hyl0. OTHAKO MOPSI0K
CIIEZIOBAHMS 3THX YPAaBHEHUH KpailiHe HEepalMOHAJIEH, MOCKOJbKY IEpBbIM HAET ypaBHEHHUE C
MaKCHMaJIbHBIM UYHCJIOM HEHYJEBBIX 3JIEMEHTOB (YHMCIIO CBS3€M NMEPBOrO y3ja paBHO TPEM), a

Aajiee CICAYIOT YPAaBHCHUS, KaKA0C U3 KOTOPBIX COLACPKUT IBa HCHYJICBBIX KOB(i)(bHL[I/ICHTa.

B pesyinbrare 3T0r0 mocie BBITOJIHEHUS NEPBOrO MIara MnpsMoro xoza meroxaa l'aycca marpuna
TPETHETO MOPsAJKA, KOTOpas NOJDKHA IEPECUNUTHIBATHCS Ha CIEAYIOIIEM IIare, CTAHOBUTCS IOJIHOCTBIO
3aIlOJIHEHHOM, W, CIIeOBATEIbHO, SKOHOMUHU BBIYMCICHUN 32 CUET HyJIeH MCXOTHOW MaTpHIbl HE Oyaer
(cm. meton 'aycca).

B cooTBeTcTBUM € yKa3aHHBIM BbIIIE CIIOCOOOM Hymepauuu Juisl yuéra ci1a0oil 3aroiIHEeHHOCTH
MaTpulbl KO3()(UIMEHTOB OOCTATOYHO IE€PBOE YpaBHEHHUE cJeNaTh IOCIEIHUM M COOTBETCTBEHHO
U3MEHUTh MOPSAJOK CIIEOBAHUS HEU3BECTHBIX, TO €CTh 3aIMCaTh MCXOJHYIO CHCTEMY B CIEAYIOLIEM

BUIE:
10x, —5X%,;
10x, —-5X;
S5X, —5X%;
-5X, —5X; —5X, +20x;
k=1
1
X, _E'xl =-1
10x, -5x, =-30
5x, —=5x, =20
—5x, —5x, +375x1 =-25
k=2
1
X, _Exl =-1
1
Xq _EX1 =-3
5x, —=5x =20
-5x, 15x;, =-40

-10
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k=3
X, —%xl =-1
X5 —%xl =-3
X, —X =4
10x, =-20
k=4
X, —lxl =-1
2 =2
1 =T
X5 _Exl =-3 x, =-4
X, —X =4 Yo 7
X, =-2
x, =-2

Takoit nopsiiok BeIYMCICHUN oTpedoBai 16 onepannii yYMHOXKEHHUS U JIeJI€HUs] BMECTO 36-TH IIpH
HCXOJHOW HyMepaliy YpaBHEHHH, TO eCTh 00BbEM BBIYMCIEHUIN COKpaTuiics 0ojiee yeM B 2 pasa.

JUis  y3JI0BBIX YpaBHEHUH BBICOKOro mopsaka 3(@ekrt ewmé Oosiee 3HAYUTENEH, IOITOMY
QITOPUTMBI U IIPOTrpaMMBbl pacd€Ta YCTaHOBHUBIIMXCS PEKUMOB NIEKTPUUECKUX CHCTEM COCTABIISAIOTCS C
00s13aTeNIbHBIM YYETOM C1a00M 3al10JTHEHHOCTH.

Emgé pa3 oTMeTHM OCHOBHBIE CBOMCTBA MaTPUIIbI Y3JI0BBIX IIPOBOIUMOCTEHN:

1) amaroHaNBHBIN SJIEMEHT BCer/ia He paBeH HyIo, T. €. a, # 0 ;

2) a,- MaKCUMaJbHbIH B JaHHOH CTPOKE;

3) MaTpHila CHMMETPUYHA B OOJBIIMHCTBE PACUETHBIX CITy4acs;
4) MaTpHuIlbl pa3peKeHHBIE.

3. METOJbI PELIEHUSA CUCTEM HEJIMHEHHBIX AJITEFPATYECKNX
YPABHEHHUU (HCAY) YCTAHOBUBIINXCSA PEXKUMOB PABOTHBI

ﬁ HD (tp-Tp, JIH, JIyroBbI€ MeUH, Mart. 3J1-Thi)

HenunelHOCTh ypaBHEHMI YCTaHOBUBLIETOCS pexHMa O0O0YCJIOBJI€Ha TEeM, 4YTO B KadecTBe
UCXOJHBIX IAaHHBIX 33Jal0TCd HE TOKH, a MOIIHOCTH HCTOYHMKOB M IOTpEOUTENEH 3IIeKTPUUYECKON
sHeprur. OOBIYHO aKTUBHBIE M PEaKTUBHBIE MOIIHOCTH MOTpeOuTenelt (Harpy3oKk) U akTHBHBIE MOJYJIH
(HampspKeHM) HICTOUHUKOB.

JUis mpoCTOTHI HW3JIOKEHUs HIDKEe OyJeM paccMaTpuBaTh YacTHBIM cllydadf, Korja 3aJaHbl
aKTHBHBIE U PEAKTUBHBIC MOIIHOCTU KaK MOTpeOHTeNel, Tak U MCTOYHHKOB AJIEKTPO’HEpruu. B stom
cllyyae Ui SHEprocHCTEeMbl IMPOU3BOJBHON KOH(UIYpallMu, CXeMa 3aMeIIeHUs KOTOPOH CONEpKUT
y3JI0B, 3a/1aya pacuéTa yCTaHOBUBLIETOCS pexuma GopMyIupyeTcs CIEeAYIOINUM 00pa3oM: sl 3aJaHHBIX
apaMeTpoB  CXEMbl  3aMEUIeHHs  MOJAEIHPYEMOM  CHCTEeMbl  HampsbkeHHe  0a3uCHOro  ysia
(OamaHCHpyIOIIEr0) W MOIIHOCTh OCTAIbHBIX 7 —1 Y3JI0B OIpENe]uTh KOMIUIEKCHbIE 3HAYCHHUs
HaIpPsDKEHUHN 3THX Y3JI0B.

VYpaBHeHHE yCTaHOBUBLIETOCS peXMMa OOBIYHO 3aMUCBIBACTCS AJIS JIMHEWHBIX (MEXIy(]a3HbIX)
3HA4YECHUN HANPSKEHUN U UMEET CIEAYIOINUN BU:
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1) ypaBHEHHE MOIIHOCTEH HE3aBUCHMBIX (TO €CTh BCEX, KpOME 0alaHCUPYIOIICTO) Y3JI0B:

S=3U,J 1)
2) y3JI0BbIE YPABHCHHUS:
Y,U,=+3J; U,=U-nU,. )

3nech:
S =P+ jO - BekTop pa3Mmepa n—1 KOMIUIEKCHBIX 3HAYEHUH 3aJaHHBIX MOIIHOCTEN Y3JI0B;

U(S - JUaroHaJibHas MaTpHlia IIOpssaKa 7 —1 KOMIIIGKCHBIX 3HAYCHUM HaHpH)KeHI/Iﬁ Y3JI0B;

U A= U-nU 5~ BEKTOp HaNPSHKEHUH y3710B OTHOCUTEIBHO OaJIlaHCHPYIOILETO;
1 - EIUHUYHBIA CTOJIOEI;
U ;- HampsbkeHue OaTaHCHPYIOIIEro y3ja, 3HaueHHe KOTOPOro OOIIENPHUHSTO 33[aBaTh BEIECTBEHHBIM
YHUCJIOM;
Y, - kBaipaTHas MaTpuua 72 —1 KOMIUIEKCHBIX 3HAYEHUH Y3JI0BBIX IPOBOIMMOCTEH;
J - BEKTOP KOMIUICKCHBIX 3HAYCHHIT 3a1aI0IMX TOKOB y3IIOB;
A - KOMIUIEKCHO CONPsDKEHHOE 3HAYCHHE.
Onpenenum u3 ypapaenns (1) J

J = (3)

Y TIOJICTABUM B ypaBHEHHE (2); MOIYIUM:

rIe
U A, - AMAroHaJIbHas MaTPULIA HANIPSKEHUH y3J10B OTHOCUTEIBHO OAIaHCUPYIOIIETO;
E - enuanyHasg matpuna.
[TonyunmM OKOHYATEIIbHOE YPABHEHHME YCTAHOBMBILIEIOCS pEKHUMa OTHOCUTEIIBHO CaMUX
nepeMeHHsx U, !

WJIH B pa3BEPHYTOI Qopme:

YU, =—2
[/AaiY; UA[+U6

M
©

i
J

[lonydyeHHas cuctemMa HENTMHEHHBIX ypaBHEHHIl MOXET ObITh pelieHa TOJIbKO MTEPAllMOHHBIMU
MetoaaMu. OOmias cxema peleHus COCTOMT B TOM, 4TO 33/aéTCsl HEKOTOPOe HayallbHOE MPHUOIMKEHHE

U, u no pacyéTHbIM BBIPAKEHUSM CHCTEMbl YPaBHEHHMH OIpeenseTcs cieayloliee NpHOIMKeHue
U\" . Tponecc BIMUCIIEHUH TTPOJOIKAETCSA 0 TeX MOp, MOKa Ha HEKOTOPOM TPHOIMKEHNH (MTepaIin)
He OyAeT JOCTUTHYTa 3aJaHHasi TOYHOCTh PEICHUs], KOTOpasi OLIEHWBAETCS MO PACXOXKACHUIO 3HAUEHUMN
U, 1nByX MOCIEIHUX UTEPALUi:
7(k) T(k=1)
rnlax‘UAi -U, ‘S g,
A
; ) Si .
1160 10 BeKTOpy HeBsi3ok 7 =Y, U, —————!
u,+U,
max‘fl.(")‘ <ég.
i

I[J'IH PaCCMOTPCHHUA PA3JIMYHBIX UTCPAIHOHHBIX MCTOIOB pacqéTa PA3JINYHBIX SJICKTPUUCCKHUX
CUCTEM MOXHO YIOPOCTHUTH 3ajaydy, Iiojaras, 4YTO BCIWYHWHBI, BXOAAIIUC B YpPaBHCHHA CHCTEMEIL,
BCIICCTBCHHBI.
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n—1
ZYUUAJ S
J=1 UAi + U5

Takoe ypaBHEHHE COOTBETCTBYET PACCMOTPEHUIO LIEH IOCTOSHHOTO TOKA.

BHecéHHble ynpolieHus] MO3BOJIAIOT 3HAUYUTENbHO YMEHBIIUTH CIOKHOCTH BBIYMCIECHUN U TEM
caMbIM JalOT OOJBIIYI0 HArJSOHOCTh JUIsl OLEHKU CPaBHUTENBHBIX JOCTOMHCTB M HEJOCTAaTKOB B
pPa3IMYHBIX METOJAaX, KadeCTBEHHBIE XapaKTEPUCTUKU KOTOPBIX IpPU JIAHHBIX YIPOUICHUSIX HE
WU3MEHSIOTCS.

[lepeiiném k Oozee MPOCTBIM 0003HAUYEHUSM, KOTOpPBIE HCIOIB30BATHCH NMPH PACCMOTPEHUH
METO/IOB PELICHUS CJIAV [Ipu 3TOM nocneaHee ypaBHEHUE TIEPENUILIETCS B CIAEAYIOIIEM BUJIE:

Zax —b. C , i=1..,N, N=n-1,

X; +Xx,
rae C,- 3HaueHHE MOLIHOCTH, X, - 3Ha4E€HHE OA3UCHOIO y3JIa.

KonkperHbie pacdérbl OyneM BBIIOJHATH I CHCTEMbl W3 YETHIPEX YpPaBHEHUM, KOTOpPAas
paccMaTpuBaiach B MPEIbIIYIIEM pa3jielie ¢ BBEACHUEM HEIMHEHHOCTH, KOTOpasi, COrJacHO MOCIeAHEN
3anucH, OyeT UMETh BU:

10x, - 5x, _ 80
50 +x,

10x, -5x, =—ﬂ
50+ x,

sy, —sx, =40

50 + x;

-5x, —-5x, —-5x; +20x, :—ﬂ
50+x,

3.1. MeToa npocToii urTepanun

HTepaHHOHHBIﬁ nponecc peucHUA ONMCAHHOUN BEIIIE CHUCTEMEl BEIIOJHSIETCS CIICAYIOIIUM
obpa3zom:

x D — L X0

a,.
N ixj
a; x0+x

/:tz

JIJ1s1 KOHKPETHO paccMaTpUBAEMON CUCTEMBI YPABHEHHM 3TO OTBEYAET PACUETHBIM BBIPAKCHUAM:

48
(k+1) (k)
T
138
(k+1) _ (k)
X =——+0,5x
? 50 +x{ !
XD — 208 (k)
’ 50 + x{V
4
ki _ _—Sk +0,25x% +0,25x" +0,25x
50+ x{

BoimonHuM pacu€Thl MO 3THM BBIPRXKEHUSM, BBHIOpAaB B KAaueCTBE HAYAIBHOTO MPHUOIMKEHUS

Xl.(o) =0, 9YTO OTBCYACT B IMPAKTHUKC paC‘-IéTOB YCTAaHOBUBIINXCSA PCKUMOB, B KOTOPBIX 0OBIYHO

[IPUHUMAIOT Ui?) =0=U,. Pe3synbraTel BBIYMCICHUN [UI1 JaHHOM CUCTEMbl YPAaBHEHUH IPEICTaBUM B
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(k)

max

BHUAC Ta6JII/II_U>I. Breraucnenus IMPCKpalaroTCAa 110 YCJIOBUIO A(Il;;x <&, Trae - MAKCUMAaJIbHOC 3HAYCHHUC

B CTOJIOLE HA pa3HULIE MOAYJIEH JIEBOH 4acTH ypaBHEHUs, TO eCTb A = max x® —x* ]
k 0 1 2 3 4 14 23
x® 0 -0,96 | -1,439 | -1,423 | -1,724 -1,991 -2
xH 0 -2,76 | -3,401 | -3,396 | -3,697 -3,99 -4
xH 0 4,16 2,88 | 3,065 | 2,448 2,015 2
xH 0 -0,96 | -0,869 | 1,472 | -1,428 1,981 -2
AY - 4,16 1,28 | 0,603 | 0,617 0,02 0,000

HrepanoHHBI IpPOLECC pELICHUs CUCTEMBbl HEJIIMHEWHBIX YPAaBHEHHUH COLIENCS K PELICHUIO C
TounocThio A <&=10" 3a 23 wurepauuu. Ilpu 5ToM X, <X,, YTO XapakTEPHO IS DPacUETOB

HOpPMAaJIbHBIX PEXKUMOB 3JIEKTPUYECKUX CHUCTEM, TO B IpaBOW YacTU YpaBHEHUH paccMaTpuUBaeMOM
CUCTEMBI B Ipoliecce pacuéra W3MEHWJIMCh HECYUIECTBEHHO, YTO TOBOPUT O TOM, YTO HEJIUHEHHOCTH
YpaBHEHUH HE HPOSBUIIACH CKOJIBKO JIMOO 3HAYUTENbHO. DTO OBLIO HMOATBEPIKIEHO CPABHUTEIBbHBIMU
pacuéramu, BemonHeHHbIMU Uit CJIAY, momyuennoit s CJIAY nmaHHO#M cuUCTeMBI MyTEM (DUKCAINH
IIPaBbIX YaCTeH Ha 3HAUEHUSIX, COOTBETCTBYIOIIUX PEILICHUSIM CUCTEMBI.

Pesynbrarel pacuéra B BUIE 3aBUCHUMOCTH 4YMCIAa WUTEpAalUid, HEOOXOAMMBIX AJISl IOITY4YEHHUS
pElIeHUs CUCTEMbl HEJIMHEHHBIX K YypaBHEHUMH, OT 3aJaHHOM TOYHOCTH TNPUBEICHBI B CIEAYIOLIEH
Tadimue:

& | 107 10 10°° 10°
k| 23 29 37 43
k| 21 29 35 41

Pe3ynbTaThl CBUAECTENBCTBYIOT O TOM, YTO HEIMHEHHOCTb HE3HAYUTENIBHO BIIMAET HA CKOPOCTHb
CXOAMMOCTH MTEPAIMOHHOTO Ipoliecca K pemeHnto. O0bEM BBIUKUCICHUM B METOJIe IPOCTON UTEpaluy,
OLICHUBAEMBIN 110 YHUCIy OIlepaldii YMHOXXECHHS M JEJICHMs, I IPUBCACHHOW CHUCTEMBl YpaBHEHHUMU
BIIOJIHE ONPEIENSETCS CIETYIOIUMHU COCTaBISAIOINMH:

1. TlpuBeseHUE UCXOIHON CUCTEMBI yPaBHEHMI K pacuéTHOMY BuIy TpeOyeT N omepanuii yMHOKEHHs
U JICJICHHUSL.
2. Pacuér mocnmenyromero npuONMKEHUs Ha Kakaod wurepanuum TpeOyeT Takke N’  omeparmii
YMHOKECHUS U JICJICHUS.
Takum 00pazom, Ipu JOCTUXKEHUM PEIICHUS 3a kK WTEparuii MEeTOJI0OM MPOCTHIX UTEpaAIuid OyIeT

Bemosaeno M, = N? +kN? = N?(1+k).
K mocromHcTBaM MeToza CIeayeT OTHECTH MPAKTHYECKH aOCOMIOTHYIO CXOAMMOCTh HE3aBUCHMO

OT TOI'0, KakKuc Ha4aJIbHbIC HpI/I6J'II/I)KCHI/I${ BLI6I/IpaIOTC$L
K HEAOCTAaTKaM MOXHO OTHECTHU MCJICHHYIO IO CPABHCHUIO C APYTUMH METOAAMU CXOAUMOCTbD.

3.2. MeToa 3einesns

WrepanmoHHbIl mpoliecC pelIeHus CHUCTEM HEIWHEWHBIX YpaBHEHHH 10 MeToay 3euaens
ONUCHIBAETCS C TOMOIIBIO CIEAYIOMIECH BEIYMCIUTEIbHOW CXEMBbI:

1 C i—1 n

k+1 k+1 k
e o 2 e
a; \ Xo T X; J=1 J=i+l

JInsi KOHKpPETHO paccMaTpUBAaEMOM CHCTEMBI 3TO COOTBETCTBYET CIEAYIOIIMM PaCYETHBIM
BBIPAKCHUSAM:
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48

(k+1) _ (k)
X =005y
LT TS0
138
X = ——ot 0,5x"
50+ x,
(k+1) _ 208 (k)
3 - (k) 4
50+ x;
48
P = —————+0,25x" +0,25x)""" +0,25x + x{
4 (k) 1 2 3
50+x,
2 X XD maiinennble na (k+1)-M 1mare, nojacTaBnsoTea B x4 .

OTinnure MeToJa IPOCTOM UTEpPALMU MIPOSBIAECTCS Ul ONPECICHHs PACUETHOIO BBIPAXKECHUS X,
Ha (k+1)-m mare. Pe3ynpTaThl pacy€ToB MO MPUBEACHHON cHCTEME CBEAEM B TaOIUIly, MPUBEICHHYIO

HIDKE.
k 0 1 2 3 4 10 14
x® 0 -0,96 | -1,404 | -1,696 | -1,844 -1,997 -2
xH 0 -2,76 | -3,346 | -3,666 | -3,829 -3,997 -4
x 0 4,16 | 2,99 | 2,509 | 2,29 2,005 2
xH 0 -0,85 | -1,416 | -1,701 | -1,847 -1,997 -2
A, - 4,16 1,17 | 0,482 | 0,249 0,004 0,000

CKOpOCTh CXOJIMMOCTH UTEPAIMOHHOIO MpoLecca MeToAa 3eiaens B JaHHOM CiIy4yae 3aMETHO
BBIIIIE, YEM B MeTo/ie TIpocToit urepanuu (14 Bmecro 23 urepaunii). [Ipu 3T0M, Kak ¥ B METO/I€ TTPOCTOI
WTEpaluu, HEJTUMHEHHOCTh YPAaBHEHUM CKa3bIBA€TCA Ha XOJI€ UTEPALMOHHOrO IMpolecca HE3HAUYUTEIBHO,
YTO BHUJIHO U3 MPUBEICHHON HUKE TaOJUIIBI.

& | 107 10 10°° 10°°
k| 14 16 20 23
k| 12 16 19 22

[Tockonbky 0OBEM BBIUMCIEHMM Ha UWTEpallUd, OINpPEAENseMbli KOJIMYECTBOM OIlleparuii
YMHOXEHHMSI M JEJIEHUS, B METOAE 3elAeNs M IPOCTOM WTepalMd OAWHAKOBBI, TO B pacuérax
YCTAaHOBUBILIUXCSI PEXKHUMAaX NPEANOYTeHHE OTAAaETCS MeTody 3einens, obecrneyuBarouieMy OOBIYHO
0osee OBICTPYIO CXOJIUMOCTb.

OmHuM #3 MyTell JanbHEHIIEeTo MOBBIIICHUS! CKOPOCTH CXOJUMOCTHU SIBJISIETCS MEpexo K Oosee
obmeit  popmynupoBke Meroga 3eilzens, NpU KOTOPOHW TMOPAJOK Tmepecuéra U MOPAIOK
MIEPECUUTHIBAEMBIX MTEPEMEHHBIX B XOJE€ UTEPALMOHHOIO MPOILECCa ONMPEIEISETCS HE MOPSIAKOM 3alHUCH
YPaBHEHHUH, a CIEIyIOIMM YCIOBHEM: KaXIblii pa3 NEpecUUTHIBAETCS X,, M KOTOPOIo

1

A, = ‘x(") — xl.(k’l)‘ MakcuMabHO. Takol METOJ| Ha3bIBAETCS MENMOOOM NOIHOU PENAKCAYUL.

i

3.3. MeToa noJiHOM pesiakcanuu
Pe3y'J'ILTaTBI paC‘-IéTOB 3TUM MECTOIAOM JId CUCTEMBI ypaBHeHHfI, HpHBCI[CHHOﬁ BBIIIIC, HpI/IBC,Z[éM B

Ta6HI/II_IC, rae N - MOpAIO0K nepecqéTa Ha UTCpaAlUAgX:

k 0 1 2 3 4 10 14
x® 0 -0,96 | -1,852 | -1,632 | -1,863 | -1,998 -2
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xH 0 -2,7 | -3,346 | -3,746 | -3,854 | -3,997 -4
x 0 4,16 | 294 | 2,378 | 2,23 | 2,004 2
xH 0 -0,85 | -1,306 | -1,575 | -1,741 | -1,995 -2
A - 4,16 | 1,17 | 0,399 | 0,231 | 0,004 0
N - 3214 | 3241 | 3421 | 4132 | 4321 4321

HenuHeHHOCTp UCXOOHBIX YpaBHEHUH, KaK M paHee, NPAKTUYECKH HE BIMICT HA CKOPOCTh
CXOJIMMOCTH, YTO BUJIHO U3 CIEYIOUIEH TaOIMLIbI:

& | 107 10 10°° 10°
k| 13 16 20 23
k| 12 16 19 22

Kak cnegyer u3 comocraBiieHHsI pe3yiabTaTOB pacd€ra i MCXOAHOW CUCTEMbl YPaBHEHUH IO
MeTOoly 3eHeNss U METOAY IOJHOW peaKcallii CKOPOCTh CXOJUMOCTH B O0OMX CIydasX MPaKTUICCKU
OJINHAKOBA.

Meroa mNONHOW penakcallud paluoOHAIBHO MPUMEHSATH TOJBKO B TOM CiIy4yae, €ClId OH
o0ecrnieunBaeT 3aMeTHO Oojiee OBICTPYIO CXOAMMOCTh, YeM MeToa 3eiinens. JlelicTBUTeIbHO, XOTS YHCIIO
onepalnnii YMHOXKEHUSI U JICJICHUs NP PELICHUU CUCTEMbl YPaBHEHUU mopsaka N IO METOAY MOJHOM
pellaKcaliy Ha IIare UTeparyu, TO eCTh IpH nepecuére N MepeMEHHBIX, OYAeT ISl UCXOJHOW CUCTEMBI
TOM e, 4To U A merona 3eipens. M cama peanusanys N0CIEI0BATENBHOCTH 10 MaxX A, IPUBOIUT K
YCIIOKHEHUIO U COOTBETCTBEHHO 3aMEJIJICHUIO IEHCTBUS allTOPUTMA.

Hpyrum myTéM YBEJIMYEHUS CKOPOCTH CXOJUMOCTH METOJa 3eHensi SBISICTCS BBEJCHUE
Kod(p(HUIlMeHTa YCKOPEHHSI ¢, B COOTBETCTBHHM C KOTOPHIM B KA4eCTBE CJCIYIOIICTO MPUOJIMKCHUS

MPUHUMAETCS CIIEAYyIoIllee 3HaYeHHE X !

x[(k+l) —® _q(xi(kﬂ) _xi(k))

q=0 x;k = xfk ) (mepexon k MeToy 3eiiens)

Pacu€thl 15 NICXOAHOM CHCTEMBI TIPU & = 107 u Pa3HBIX 3HAYCHUSIX ¢ MPHUBEACHBI B TAOIHIIE:
q 1,0 1,1 1,2 1,3 1,4 15
k 13 10 7 8 10 11
k 12 9 7 7 11 11

J

Ortcrona crenyer, 4To BBIOOpOM KOI(P(GUIMEHTa ¢ MOXKHO JOOMTHCS 3aMETHOTO YCKOPEHHS

MeroAa 3eWjiens LeHOM yBelIWM4eHHs Ha N uucia onepanuil yMHOXKEHUs Ha KaXKIOM MTEepallH, 4TO
JUIIb HE3HAYMTETBbHO CKa3bIBaeTcsi Ha 00BEMe BhuMCIeHUN. OgHako oOHmMX METOJ0B BbIOOpa
1enecoo0pa3Horo 3HaueHus KoddduiumeHta ¢ He cymectByer. M3ectHo numis, uto qist CJIAY ¢
TTOJIOKUTEIBHO OMPEAeNIEHHON MaTpHIel Kod(pUIIMEHTOB ¢ HaxoauTcs B uHTepBaie oT 0 1o 2. OnbIT
pacuéToB MOKA3bIBAET, YTO IIENIECOO0pa3HOE 3HAYCHHE ¢ MOXKET 3aMETHO OTJIHYaThCs OT | B Ty Wi
IPYTYIO CTOPOHY.

Brenenue konddummenTa yckOpeHUsT CUHTACTCS II€IeCO00pa3HbIM TOJBKO TIPHU MPOBEACHUHN
MaCCOBBIX PAaCYETOB PEKUMOB 33/IaHHOM SHEPTrOCUCTEMBI, JIi KOTOPOW YpaBHEHUS OTIMYAIOTCA TOJBKO
IPaBO¥ YacThiO W, BO3MOXHO, HE3HAYHTEIbHBIMH M3MEHCHUSMU a; 3HaveHuil. Torana BapHaHTHBIMH
pacuéTaMu OJHOTO pEXHMa OIPENeSIOTCS 3HAueHUs ¢, oOecrmeunBalIIMe HauOolee OBICTPYIO
CXOJIMMOCTD, ¥ PaCYETHI OCTATBHBIX PEXKUMOB TIPOBOSTCS TIPU 3TOM 3HAYCHHUH ( .

3.4. Pemuenne HACY nHa ocHoBe meToaa I'aycca

AHanu3 penieHusi HelMMHEeWHbIX anredpandeckux cucreMm ypaBHeHuil (HACY) Ha ocHoBe MeTona
IIPOCTOM WTEpalMM ¥ Ha OCHOBE MeToja 3elens IO0Ka3blBaeT, 4TO HEIMHEWHOCTb YypaBHEHUI
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HE3HAYUTENIbHO CKa3bIBACTCS HA CKOPOCTU CXOAMMOCTH HTEPAMOHHBIX mpoieccoB. [ToaTomy BBIOOD
UTEPALIMOHHOTO METOJIa PEUICHHs, KOTOPbII Mpu HEY4ETe HETMHEHMHOCTH TpaHCPOPMUPYETCsS B MPSMOit
Meroa (wmm pemaer CJIAY 3a oaHy uTepaiuio), MO3BOJSET 3HAYUTENIBHO YCKOPUTH CXOJAMMOCTH IO
CpPaBHEHHIO C METOJIOM 3eiiiesl.

PaccmaTpuBaeMblii METOJL BIISIETCSI TAKUM METOJ/IOM, CYIIIHOCTh KOTOPOT'O COCTOUT B TOM, UTO X,

HAKaIlJIMBAIOTCSL Olpenessiercss nyTéM peweHus npsmoro Merona ains CJIAY, xortopas nosmydaercs U3
MCXO/IHOM CHCTEMBI Iy TEM MOJICTAHOBKU b, (3HAYeHHMH cTONOIA), KOTOPBIE BBIUUCIAIOTCS Mpu x* Ha k -
M IlIare, 4YTo, B CBOIO OYEpE/Ib, COOTBeTCTByeT UTEPALMOHHOMY MPOIIECCY, OMUCHIBACTCS:

C.
Za X(k+l) :
X, +x”

I
Jlnst pelieHus Ha Kaxaou HTepauHH CJIAY pauuoHaJIbHO HCIOJB30BaTh METOJ TPEYrOJbHOU
dakropuzanuu mMatpuisl 4. Tak kak B mporecce UTepaluy 3Ta MaTpHuila U3MEHseTcs, TO Haubosee
¢MKasi B BBIYMCIUTEIHHOM OTHOIIECHUH Tpoueaypa (GakTOpU3aliK BEIIOIHACTCS OJUH Pa3, a Ha KaXI0U
UTEpaluu MpsMOil U oOpaTHoM monctaHoBkoi pematorcss CJIAY ¢ tpeyrombubiMu L u H . Yucno
orepanuii YMHOKEHUSI U JIEJICHUSI B IaHHOM MeToje (Ha30BEM ero ycioBHO MeTonoM ["aycca-3erinens)
MO>KHO OIPENETUTh CIEAYIOIIIM 00pa3oM:

N(N? -1

M., = )+kN(N+1),

N(N* -1) .

rjae — 3 npuBenaeHne K pakropuzoBaHHOMY BUuay; AN(N +1) - BeITOTHEHHE HA KaXKIOH
UTEpaLuu MeToJa 3enaens.

CpaBHUBas ¢ KOJIMYECTBOM OIlepaluii, TpedyemMbIX B MeTose 3eiens, BUAUM, uTto Meto] ['aycca-

3eiinens 6osiee 3pGEeKTUBEH B OTHOIICHUH, €CIIN
N
N, (K 373 + lj

N+1
JInst OLEHKHM CKOPOCTH CXOIMMOCTH Meroja [ aycca-3eiiiess paccMOTPUM HMTEPALMOHHBIA
HPOIIECC PELIEHHS] CHCTEMBI U3 YETBIPEX YPABHEHHIA.
q)aKTOpI/BOBaHHa}I ManI/II_[a HNMCECT BU:
0lo o -o05

0 10 [0 -05
0o o0 sl -1
5 -5 -5 10

Pe3yibTaThl pacuéToB M0 UTEPALMAM OTOOPAXKEHBI B CIIEAYIONIEN TaOIHIIE:

K, <

k 0 1 2 3 4 5
x® 0 -1,81 | -1,991 | -1,999 | -2,000 -2
x{P 0 -3,61 | -3,97 | -3,997 | -4,000 -4
x{P 0 2,46 | 1,974 | 2,004 | 2,000 2
x{P 0 -1,7 | -1,991 | -1,996 | -2,000 -2
A - 36 | 0486 | 0,03 | 0,004 | 0,000

Kak u cnepoBasio 0kuAaTh, CKOPOCTb CXOJMMOCTH 3[€Ch 3HAUMTENIbHO BBILIE, YEM B METOE
3eiiaens, 4To HArSAAHO CIAEAYeT U3 MPUBEICHHBIX B TAOIUIIE JTaHHBIX.



39

3.5. CpaBHHTEIbHAS OLIEHKA CKOPOCTH CXOAMMOCTH
merona I'aycca-3eiigessi, meTona 3eiinens

& | 10° | 107 10°° 10°
ko | 5 6 7 8
kK, | 14 16 20 23

B cooTBeTcTBUUM C pe3ynbTaTaMu, IPUBEACHHBIMU B TaOJHIIe, MOXHO C/IEIaTh BBIBOJ, YTO METOJ
laycca-3eiiaens ans pacCMOTPEHHOTO puMepa ropasao dGp(HeKTHBHEE B BRIYUCIUTEIHHOM OTHOIICHUH,
yem meton 3eiaens (~ 3 pasa).

3.6. Metoa HeroTona

Cambrii 3(hpeKTHUBHBIN, HO U CAMBIN CIIOKHBIN B BBIYMCIUTEIIEHOM OTHOIIEHUH METOJ PEIICHUs
CHAY — urepallMOHHBINH IIPOLECC PELIEHHs] CUCTEMbl HEJIMHEUHBIX ypaBHeHUN Buga W(x)=0, ruoe x-
BEKTOp N HCKOMBIX IE€peMEHHbIX, a W - 310 Bekrop-GyHkius. Jns metoma HeloroHa wumeer
CHEAYIOUIUI BU:

W(x)=0
(k+1)
oW (x)| Ax _ —W(x(k))
ox |x=x®
W (x) (kel) _ (ksl) _ (k)
Bennunna 5 - YaCTHBIX NPOM3BOAHBIX, MaTpuua fxobu; Ax =X —x'"’ - pasHHLA
X
MPUOTMKCHUH.
Jli1g paccMaTpuBaeMoOl CUCTEMBI KOMHOHGHTaMI/I SBJIIOTCSL:
C,
(k))
W, (x Z A X T+ X(k)

[Tpu nudpepenunpopanun Axoduan (%) OyzeT ciaenyromum:
oy
i=j, a +—Ci
(GW(X)J _ S (x0 + xi("))2
OX | . .
i liE ], ay

Jlis KOHKpPETHO paccMaTpuUBaeMOil CHUCTEMBbI HCXOAHAs HUTepaluoHHas ¢opMylna ¢ y4€ToM
MOCJIeTHEH 3aIUCH OYET CIIeTYIOIEH:

o- 80 0 0 -5
(50+x®)
(k+1)
0 10— 1380 0 -5 Ax
(50+x) Ax{
X =

0 0 54 1040 0 Ax"
(50 +x )2 Ax D

; . 5 a0

(50 + xik))
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480

—10x;" - +5x4"
: 0+x™ *
1380
—10x{" - ———+5x
_ ? 0+x !
- 1040
—5x{ + ———— 4+ 5xF
} 0+ x{ !
— le(k) + 5x§k) + 5x§k) — 20x£k) - L()k
50+ x(V

) 1
Cucrema ypaBHeHuit pemaercst otHocuTenbHo Ax“™ Ha k +1 npubmusxenuu no metoxy I'aycca.
Pe3ynbrarel pacuéra o urepanusm npuBeeHbl B TaOIUIE:

3.7. Xoa nutepanmoHHOro nmpouecca Mmeroaa Herorona

k 0 1 2 3
x® 0 [-1993] -2 -2
X 0 [-3974| -4 4
x 0 [2005| 2 2
xP 0 [-1989] -2 2
Ax() - |-1,993[-0,007| 0
Ax{) - |-3974[-0026| 0
Ax{) - | 2,005 [-0005| 0
Ax{) - |-1989]-0011| 0
max(#,(x7)) | 276 | 0,189 | 0,000 | 0,000
max (Ax®) - 3974 | 0,026 | 0,000

NrepanmoHHBIN MPONECC COMENCS 32 TPU UTEPALIUH.
KBanpatnunas cxomumocTs Merona HproToHa B Malmoll OKPECTHOCTH TOYKM —PELICHMS
00yCIIOBIMBAET CJIa0yI0 3aBHCUMOCTh YHCIIA UTEPAlMil OT TOYHOCTH &. DTO OyIeT BHJIHO U3
CJIeTYIOIEH TaOIHIIbI:

€ 10°° 107 10~ 10°°
ky 3 3 3 4

y,[[O6HOI>i Mepoﬁ TOYHOCTH PCHICHUA MOXKET CIYXKUTb MAKCHMAJIBHOC a0COIIOTHOE 3HAYCHHUE

max‘Wl.(x(k)l < &. YcloBHe OKOHYAHMS CUETA CHUKAET KOJUYECTBO UTEPALMI HA €IMHULY TPHU
i

TOM K€ TOYHOCTH.

[IpumeneHne yKa3aHHOTO YCJIOBUS B COUYETAHUU C caMO mpoueaypor merona HeroToHa coctout
13 OJHOTUIIHBIX BBIYMCIUTEIbHBIX ONIEPALMH, BBIIIOIHAEMBIX Ha KaKI0M UTEPALIUH.

s MCXOOHOM CHUCTEMBI YpPaBHEHHHM KOJIMYECTBO ONEpallMid YMHOXEHUS W JIEJICHUS
OIPEIEAETC:

1) pacu€rom npaBeix yacteit N(NN +1) oneparuii yMHOKEHHSI U JICJICHHS;

2) pacu€ToM IUArOHAIBHBIX AJIEMEHTOB Marpuilbl SIkoOu - 2N onepauuil yMHOXEHHS U
JCJICHMS;
_ N(N?+3N-1)
3) pemenne CJIAY no metoay ["aycca: KOIHUECTBO Oneparui - 3 .
CrnenoBarenbHO, CyMMAapHOE KOJIMYECTBO OINEPALMKA YMHOMKEHHUS W JIENCHHsS IIPU PEIICHHUU

CHCTEMBbI ypaBHEHUH 10 MeToy HploToHa OyeT clieayIomummM:
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_ kKN(N +2)(N +4)
3

M,

rze k - KoJIN4ecTBO UTEpaLUil.

CpaBuenue pacu€étoB o meroay Heiorona u ["aycca-3eiigenst mokassiBaeT, 4to meTo]l HbpioToHa
OoJiee TpyIOEMOK, MOCKOIbKY TpeOyeT pemenus CJIAY Ha kaxa0#l uTeparu, B TO BpeMsl Kak B METOJIE
l'aycca-3eiinenss Hambosnee Tpyno€MKash 4YacTb BBIUYMCIECHUH, a HMMEHHO (AaKTOpU3aLlus MAaTpHIl,
BBIIIOJIHSIETCS] OJIUH Pa3.

Kpurepuem s dextuBHocTH MeToaa ["aycca-3elinens OyaeT HepaBeHCTBO:
kpy > (k, —1)&
3

[IpuBeneHHOE HEpPaBEHCTBO HE B MOJb3y MeTojna HptoTroHa. TeM He MeHee, 3TOT METOJ LIUPOKO
MpUMEHsIeTCs Ui Pacy€TOB YCTAHOBUBILIUXCS PEKUMOB YCTAHOBUBILIMXCS CUCTEM B CBS3U C OBICTPOH U
HAJEKHON CXOIMMOCTBIO, B CBSI3M C BO3MOXXHOCTBIO IPOCTOrO ydéra pasindHoOi (opMbl 3amaHus
HCXOJIHBIX JTAHHBIX JIJISl TEHEPATOPHBIX U HATPY30UYHBIX Y3JIOB.

KpOMe BBIIICCKA3aHHOI'0, MCTOJ HrroTona AO0IIYCKACT CHHUIKCHUC 00béMa BBIUMCIICHHA Ha
k+1
oW (x)| Ax**

(k) ~
© W(x ) K CJIEYIOLLEH.

UTEPALIUHU, €CIIU TIEPEUTH OT UCXOAHON (POPMYIIBI
X=x

TakuM 06pa3oM, BEIYHCIIATH MATPHUILY SIK0OM NPUXOAUTCS OMH pa3 mpu x = x'.

ITocnenHee 00CTOATENBCTBO MMO3BOJISET NMPEICTABUTH JAHHYIO MaTpULly B ()aKTOPU30BAHHOM BUJIE
U Ha KaXJOM WTepaluy pelaTh JIBE CUCTEMbl YpaBHEHHIl C TpeyroibHbIMU L u H, 4to ObUIO B
IPUHIUIIE HEBO3MOXHO IpHU KIaccuueckoM Merozie HproToHa, MOCKOIbKY SIKOOMaH CUMTAJICs Ha KaxXI0H
UTEpaLHH.

MonepHusupoBaHHblii MeTon HbproTOHa MO3BONSIET BIMATH TOJBKO HA YCIOBHE CXOIHMMOCTH,
KOJIMYECTBO OIEpaLuil YMHOKEHHUS U JICICHNUS PE3KO YMEHBINACTCS, ¥ TAKOH MOAU(HUINPOBAHHBIN METOJ
HproToHa OyzneT B BBIYMCIUTEIBHOM OTHOLIEHUU d(p(dexTHBHee MeTona ['aycca-3eiinens npu ycioBuu
k5 >2k,, (k) - ans MoaepHU3UPOBAaHHOTO MeTO/1a HpioTOHA).

DTO yCIOBUE CHPaBEIMBO i OONMbIIMX N, YTO XapaKTEpHO I peallbHBIX 33Jad CHCTEM
dHeprocHadkeHus. EciM TpUMEHHTH 3TOT MOJCPHU3MPOBAHHBIA METON JJISI CHUCTEMBI M3 YETBIPEX
yYpaBHEHUI, pPacCMOTPEHHOH paHee, TO pacuyéT NOTpeOyeT Ha OJHY HTEpaIlUi0 OOJbIIE, YeM TI0
KJIACCUYECKOMY METO/Y.

VYpaBHEHHE YCTAaHOBHBIIETOCS PEKUMa IYHEPrOCHCTEMBI YaCTO 3allUCHIBAIOT B BHJIC YpPaBHEHHSI
OaiaHca MOIIHOCTH, KOTOPOE TMPENICTABIISIET U3 cels clieyromiee:

D . A
Uy,u, =S,
YTO MO3BOJILACT OJJMHAKOBO IIPOCTO ONCPUPOBATE UCXOJHBIMH JAHHBIMU KaK B BUAC IMOJIHBIX MOIIIHOCTGI\/JI

y3JI0B, TaK U B BUJIE MOJAYJIEH MOILIIHOCTEW HANIPSKEHUM.
PaccmarpuBaeMble B 3TOM cilydae ypaBHEHHS TPUMYT CHEAYIOIIMNA BU/L:

n—l1
O, +U D v,U, =B,  i=l.,n—1.
j=1
JIn6o B mpUHATHIX 0003HAUYCHUSX:
N
(x, +x0)ZaU.xj =C,, i=1..,N
j=1

[Ipu pemreHnn 3T0# cUCTEMBI ypaBHEHUH 110 MeToy HproToHa

N
® ) _ (+*) 03
W.(x )—(xl. +xo)2%x.f -C,.

1
Jj=1
[Tpu sToM AxoOmaH BEIUMUCIAECTCS TOIHKO OJMH pa3 U pacnagaceTcsl Ha COCTABIISIONIHE:
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(GW(x)j ) Zayxj+a X, +x,)

Jlis  KOHKpPETHO  paccMaTpyUBaeMOW  CHCTEMbl  ypaBHEHUM  uTepauuoHHas  (opmyna
MOJICPHU3UPOBAHHOTO MeTOo1a HhI0TOHA MPUMET CIeAYIOINUNA BUI:

20x —5x{" +500 0 0 —5x™® +50
0 20" —5x 4500 0 —5(x$" + 50 y
0 0 10x{ —5x{" +250 —5(x{® +50
—5( & +50) —5{xo +5o) —5x{ 450 40x(Y —5x(® 53 —5x{" +1000
Ax{“D ~[x® 1501028 —5x( )80
A —( g")+50X10x§") sxg")) 1380
Ax§t) —(x(k) +50)5x( — 5509} 1040
Ax{D —(x;") +50)20x8" —5x() —5x {8 — 51 —960)

1 .
[Tonmy4yeHHass cucTemMa pemaeTcs OTHOCHUTEIBHO Axl.(k”. Pe3ynbTarhl pacdyéToB MO HMTEPALUAM
cBeEM B TaOIHILY.

3.7.1. Xoa nTepanMmOHHOI0 MPo1ecca MOACPHU3MPOBAHHOTO
MeToaa Hpl0TOHA Ha OCHOBE YpaBHEHHUI 0aJ1aHCA MOIITHOCTH

k 0 1 2 3 4

x® 0 -1,81 | -1,999 -2 -2
xé") 0 -3,61 | -3,997 -4 -4
x® 0 2,46 | 2,003 2 2
xjf) 0 -1,7 | -1,998 -2 -2
Ax® - -1,81 | -0,189 | -0,001 0
Axg") - -3,61 | -0,387 | -0,003 0
Ax® - 2,46 | -0,457 | -0,003 0
Ax® - -1,7 | -0,298 | -0,002 0
m?X‘Axi(k) - 3,61 | 0,457 | 0,003 0
max‘W (x“"} 1380 | 99,636 | 0,919 | 0,000 0

Kak cnenyer u3 pe3ynbTaroB pacuéra, NOJy4eHHE PE3yIbTaTOB C TOW K€ TOYHOCTHIO, UTO U IS
ypaBHEHUH B popMe OanaHca TOKOB, TpeOyeT Ha OJIHY UTEPAIHIO OOJbIe. YKa3aHHOE, a TAKKE OOJIBITHIA
00BEM BBIYMCIICHUN Ha WTEpalliH, TOBOPHT HE B MOJB3y YpaBHEHHWH B BUAE OanaHca MOIIHOCTEH.
OpnHako, KaKk yXe OTMEYaloCh, TAKUE YPaBHEHUS IIUPOKO MPHUMEHSIOTCS B pacdyéTax yCTaHOBHUBIIHXCS
PEKUMOB B CBSI3M C IPOCTOTOM 3aJaHUSI UCXOJHBIX JAHHBIX, MOIIHOCTEHN KakK ISl Harpy3ouHsix P, O,

TaK U 11 reHepatopHslx P, U y3noB.

3.8. Meroa rpaaueHToB (ckopeiimero cnycka) aias CJIAY

YKazaHHBI METOJI OTHOCUTCS K METO/aM CIIOKHOW MTepalru, UMEeeT OOJBIIYI0 CXOAUMOCTh, YeEM
METO/ POCTOU UTEpALUH.
HcxonHoe ypaBHEHHUE IPECTABISAECTCA B BULE:
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[Ipu pemieHMM HaXOAMTCS HYJICBOH MHUHHUMYM (YHKLIWH, TPEACTABIAIONNN CKaIspHOE
IIPOU3BEACHNUE HCXOAHON CKaJIspHOW MaTpHibl KOA(P(GUIMEHTOB Ha TPAHCIOHUPOBAHHYIO, a TaKKe
BEKTOp HEBS30K. PelreHne nMeeT TOJIBKO HyJIEBOM MUHUMYM.

Oranel BHIYUCICHUI 110 YKa3aHHOMY METO/Y CIIEYIOIINE:
1) HaxX0XXIECHHE BEKTOpPa HEBA3OK:

- (k) — (k) =) =
£ =f(x J:Ax -b;

2) BBIYMCIICHUE JOIOJHUTCIBHOTO BEKTOpA ¥ .

— (k) - (k)
y =A4-4,-¢ ;
3) BBIYMCJICHHUE ITapaMeTpa UTepanuu:
(k) ,, (k)
k _ €Y.
m- = k) ?
a4

4) HaXOXKJACHHE MOCIISAYIOIUX PHUOITNKCHUIA:
D — 00 _m(k)Atg(k)_
PaccmoTpum npuMep U1 3TOr0 METOAA.

{xl+x2=2

0 =X =0
2x, —x, =1

1) BekTOp HEBS30K:

ol ) I R R

i
3) m@ LT (29D 17,
{— 5} . {— 5} (=5)-(=5)+(=7)-(-7) 74

=7

4) X = x® _p® g o % _|O|_ b2 =2y 1092
o XL lo] 741 —1] | ~1] [0,23

3.9. Mertoa ckopeiiiero cmycka (MeToa rpaiueHToB)
JJISl HeJIMHEHHBIX yPaBHEHUH



JIelicTBUS Te K€ camble, YTO U B IPEBIAYIIEM Cllydae, C TEM Pa3IndrueM, YTO MaTPHIIa
ko3 duneHToB 4 3aMeHsieTcs sKoOmaHoM W (MaTpHIla YaCTHBIX
MPOM3BOJIHBIX MO KAKIOMY X ).

Cxema IIponuecca BbIYHUCICHUA.

~ (k) —~ (k)
£ :f(x )

2. Beruucnisercs AOMOJHUATEIBHBINA BEKTOP:

~ (k) =) =k
;/:W(x )W,(x j-g .

3. BBIUUCIAIOTCS MapamMeTphl HTEPAITHH:

1. HaxoauTcs BEKTOp HEBSI30K:

(k)= (k)
o _€ 7
m==Z=m "

vy

4. Tlocnenyrouiye NpuOIMKESHHUS:

= (k) \=(k)
x :x(k)—m(k)W,(x jg )

4. YUCJEHHOE PEHIEHUE JJUHEHHBIX JUO®EPEHIIUAJIBHBIX

YPABHEHUM

Cucrema nuddepeHimanbHbIX YpaBHEHUH OMKUCHIBAET MEPEXOIHBIC PEKUMBI PaOOTHI
000py/10BaHUs peaIbHBIX CUCTEM AJIEKTPOCHAOKEHHUS.

PeanpHBIMU 33/1Ta9aMH SBIISTFOTCS CIICTYFOIIIHE:
1. Pacuér toxos K3.

2. Pacuér BpeMeHM BKIIIOUSHHS 000pyIOBaHUS, IBUTATENEH, SJIEKTPOIIEYEH, BBIKITIOYATEICH.
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3. Pacuér mapameTpoB pexunma (BpeMeHH ¢, HanpspkeHust U , Toka [ ) Ipu Tiepexojie U3 OJHOTO

pekuma paboThl 3JIEKTPOOOOPYIOBaHUS B APYTOU PEKHM.

B nanHoM paszene 6yayT pacCMOTPEHBI CIIEIYIONIIE METOIbI:
— Dilnepa;
— Diinepa-Komun;
— Kommu;
— Pynre-Kyrra (2,4,6)-nopsiaka
— Pynre-Kyrra-Mepcona
— Pynre-Kyrra-®ensbepra

Ilocnennue naBa MeTona XapaKTCPUIYIOTCA ABTOMATUYCCKUM BLI60pOM mara #H ABJIIAIOTCA

OCHOBHBIMH U151 pemenus CIY.

Bce NEPCUUCIICHHBIC MCTO/bI 6a3I/Ipy10TC$I Ha MCTOAC 3I7Inepa U SBJISIOTCA TOM WM HMHOM €ro

WHTEpIpETAMEN, IPY TOM JTAIOIIKE Pa3INYHbIE IOIPEITHOCTH pacyéra.
4.1. Metona Jiiiiepa

dy

[MocranoBka 3amaun: umeercs AuddepeHnnarTbHOe ypaBHEHNE I = f(x,y), a TakKe 3aJaHbl
x

HauaJlbHbIC YCIOBUS Y, = J(X,):



L rxy)
Yo = (x0)
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JlonmyckaeTcsi, 4To (yHKLHUS HempephiBHO auddepeHiupyeMa B HayaIbHOM TOYKE U Ha OTPE3KE,

rac ueTCsa peIICHuC.

B cBs13u ¢ BbIIE CKa3aHHBIM, TIOCKOJIBKY IpaBas 4YacTh YPaBHEHUS — HENpepbIBHAS (YHKLHUSA, TO
€€ MOXKHO pas3lIoKUTh B obsactu x, B psax Teisiopa, mpu 3TOM MHTEpBal MHTEIPUPOBAHUS JEIUM Ha

paBHBIE YacTH, /1 - AT HHTEIPUPOBAHUS.

X, =Xx,+h
X, =x,+kh,
y=y(x)

rone k=0,12.3,...

Ecnu B341h TOJIBKO NIepBBIM War psiaa Teinopa, To

y(‘xk+1

Ecnmu h — 0, To npubnnxEHHOE PaBEHCTBO MOKHO CUYUTATh PABEHCTBOM:

~ dy
>h§0y<xk>+[gjxk y

dx

Hxp )~ (x,) = [@j h

dy

Ay, = h(a) =hf(x,,y,) (pasHuua y)

Vi = Ve v (x5, 0,)

JIOCTOMHCTBAMH METO/IA SBIISFOTCS:
1) mpocToTa UCTIOJIL30BAHUS;

2) AOCTAaTOYHO BBICOKAs CXOAUMOCTD IMPU AOCTATOYHO MAJIbIX 3HAYCHHUAX h.

Henocrarku:
1) Oomblasi MOTPEIIHOCTb;

2) 3aBUCHMOCTb TOYHOCTHOT IIara / YBCINYHUBACTCA CKOPOCTh CXOJAUMOCTH, OAHAKO, TOUYHOCTDb

IIpH 5TOM TaJAacT.

Henocrarku 00yc/ioB/IeHbl HAKAIMBAHUEM OIIUOOK OT HIAra K mary; ommoKamMu 2-ro

poaa, KOTOPbIe BUIHBI U3 CJIeyIOLIero rpappuka:

B cBs3u ¢ BBINIE CKa3aHHBIM, JaHHBIA METOH IMPUMCHACTCA JIsI Ka4YCCTBCHHBIX paC‘IéTOB n i

HaXOXJCHHUS HAYaJbHBIX MPHOIMKCHUN.
JUiss TOYHBIX PpELIEHWH HUCMOJb3YIOTCS
Ipyrue MeTo/Abl, obiamaromuye OoJbIIeH
TOYHOCTBIO M CKOPOCTBIO CXOIMMOCTH,
OJTHAKO CWJIBHO 3aBUCSIINE OT HAaYabHBIX
npUOIMKEHUH.

B ocrampHBRIX MeTOmaxX, €clk
HayalbHOE NPUOJIMKEHUE 33JJaHO HETOYHO,
TO METO]T MOCIIeIOBATEBHBIX
NpUOIMKEHUI MOXKET BOOOIIE HE COMTHUCH,
B OTIMYME OT MeToaa OJuiepa, KOTOpPBIU
CXOJIUTCSI BCET/1a.

A

New
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U
(i) = ai+bi’; d—w=a+3bi2; U:in_‘/’:in_‘Vﬁ;

di dt di dt
d_l//.ﬂ:U_lr; ﬁ=U_lr
di dt e dy

di
ik+1 =ik +hf(Ukaik)
h

i+ =i +—(U —ri)
U B

4.2. Metoa Jiinepa-Kommu

Henocrarku meroma Jiiepa yacTuyHO pemaeT meton Oiniepa-Komm 3a cyér Toro, 4dro
pelieHue HUINETCs Kak cpenHee apuMeTHdyecKoe OT JABYX MOTPEIIHOCTEeH B MPEeAbIIyIIed
JTAHHOW TOYKaXx.

1 )
Vi = Vi +5(Ayk +AJ’k+1)
Ay, =hf (x, )
AV =H (X0 Vi)
y;m =y, +h(x,0)
h ,
Yia = Vi +§[f(xk’yk)+f(xk+h=yk+1)]

JlauHbIi MeTOJ B 2 pa3a TouHee, yeM MeToA Dilepa. JocToMHCTBa U HETOCTATKU — TaKUeE Ke, KaK
U B MeTOJE DHiepa.

4.3. Metoa Pynre-Kyrra 4eTBEpTOro mopsiika

Oto onuH U3 Haubojee pacIpOCTPaHEHHBIX W APPEKTHUBHBIX METOAOB  PELICHUS
muddepeHnanbHbIx  ypaBHeHHH. CyliecTBYIOT pas3iuuHble BuAbl Metoaa Pynre-Kyrra (pasnbix
nopsAaKoB). ONTUMAIBHBIM C TOYKH 3PEHMS] TOYHOCTH M KOJMYECTBA OINEpalMil Ha UTEPALUIO SBISAETCS

Meroa Pynre-Kyrra uetBéproro nopsaxa.
dy
== f(x), Yo = ¥x,)
dx
@OyHKIUSA HEMIPEPBIBHO JU(depeHIpyemMa Ha 3aJaHHOM ITPOMEXYTKeE.
Perenns HaxoasTCs 110 cXeMe:

Vi =V TAY,
Oco0eHHOCTh METOIA:
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1
Ay, :g[Klk +2(K2k +K3k)+K4k]’

rae K, - BecoBble K03(h(HUIMEHTHI (110 UX KOJII/I‘-IGCTBy Ha3bIBACTCSI METO/):

K —hf xk’yk

K,
2k —hf( >J’k+7j

K
hf(xk+ ’yk Skj

hf(xk +h,y, +K3k)

B metone PyHre-KyrTa msiToro mopsaka TOYHOCTH JUIA pacueTa TOUKN Xji
HCIIOJIB3YIOTCA CJIeAVIOLIIE COOTHOLIECHIIA:
1
X, =X, +—h-(k+4k +k,),
p 3

k+1

roe k,=F(t,.X,). k,=F(t, +g,Xk + Ik i—?) k,=F(t, +g,Xk +%-(k1 +k,)),

=F(t,+h X, —h-k,+2-h-k,), k, =F(t, +¥,Xk+;—?7-(7k1+10k2+k4)),
D L

k=F(,+0 x, +£ -(28k, =125k, + 5461, + 54k, —378k.)).
D 2D B

Becosble k03 uurenTs! (MU BecoBble (YHKINHU), CTOSIIUE Nepes NMpUpAIIeHUsIMI, HalJeHbI,
WCXO/ U3 MHUHUMYyMa OIIMOKH Ha KaXJIOM Iare. JTo Hauboyiee TOYHBII METOJ U3 PACCMOTPEHHBIX, B
KOTOPOM OCTaéTcs €IUHCTBEHHas MpobiieMa TpaBUIBHOTO BbIOOpa Mmiara /s, TOCKOJBKY, €Clu A
JOCTaTOYHO MaJ, TO PELIEHHE CXOJAUTCS, HO JOCTAaTOYHO MEIJIEHHO; €ClIM )K€ / BEeJIHMK, TO pelleHHe
MOJKET BOOOIIEe HE coiTHCh. Perienne 3Tol mpobiaemMbl JaHO B MOJIEPHU3UPOBAHHBIX METOax (METOoAax
Pynre-Kyrra-Mepcona u Pynre-Kyrra-®densbepra).

CyTb 3TOro MeToJa 3aKJIIOUaeTcsl B CIENYIOIIEM: CHayana BBIOMpPAeTCs HEKOTOPBIA Hamepén
3aJJaHHBIH IIar U JIelaeTcsl HECKOJIBKO 1IaroB ¢ 3TUM LIaroM. AHaJIM3UPYIOTCS 3TH mwaru. Eciou pernenne
CXOJIUTCS, TO IIAar YBEIMYUBACTCS, M IMPOIEAypa MOBTOPSETCS 1O TeX MOp, MOKa Iar He CTAaHOBUTCS
TaKuM, IPU KOTOPOM CHCTEMa pacxoauTcs. Toraa BO3BpaIlalOTCs HAa OAHY MO3MILMIO Ha3al, U JaHHBIHA
IIar CYUTAIOT ONITUMAITEHBIM.

4.4, Metoa HrocTpema

B MHOTOMArOBEIX MeTOmIax HI—OCTpEM& BTOPOTO, TPETHETro I HEeTBEPTOTO
I[IopAAKa TOUHOCTII A1 HAXOKICHIIA TOUKII Xk+1 HICIIOJIB3VIOTCH IBE, TPH I YEThIpe

IIpeapLayIIle TOUKII COOTBETCTBEHHO!
X, =X, +2h-F(, X,). k=12...

he[7-F(t.X)-2 F(t,_.X, )+ F(t_,.X,,)]. k=23....

% ho[8-F(t, X) =5 F(t,,. X, ) +4 F(t_,. X, ,)—
D
“F(i, .. X

k=377 k-

D] k=34



4.5. Merox Muina

MHoromarossii MeTog MiaHa UCTBCPTOTO MMOPAIKa TOUHOCTII MOMKET OBITH
peallli30Bal ABYM:A pas3/iTiIHbIMHI CcIIocoOaMII:
4
X=X 4= h[2F(t,. X)-F(t,,. X, )+2-F(t,,.X,,)]. k=34

I

he[7-F(t,. X,)~3-F(t, . X, )+5 F(t, ,.X, ,) -

_F(fk_3-Xk_3)]- k:3.4‘.
Z[TIH Ha4dalla pacucToOB Ipe6yeTc;>1 YETBIPC «Pa3TOHHEIC)» TOUKIL.

o0 | W

k+1 k-2

B wMerome MmnmHa mectoro TmopAnKa TOYHOCTH I pacdera  Xjpiq
IICTIONB3YETCs MECTh MPEIBIAYIIIX TOUEK:

X, =X, +% [LLF(4,.X,) 14 F(t_. X, ) +26-F(t,_,.X,,) -
~14-F(t_. X, ) +11-F(t,_,. X, )] k=56...

4.6. Metoa Peanbepra

B metome ®enpbepra mATOro mopAaka TOYHOCTH IUIA pacueTa TOUKM X
ICIOIB3YeTCH (popmya

| 5 56
Xk_lsz+h.(16",+666 L 28561 9 2

. 1T Wyt Ky s T K s
135 12825 56430 50 55
riue

k=F(t,.X,). k= F(, +%X+ﬁ W R AL O ALY

-k,).
3 iy

b 2y 1932 T0-h 7296k

2197 2197 2 2197
ko= F X, + 20 g gy, 43880 8Bh g
' S E Ry
=P+ 2 X, = 2oy - B8 g T
> " 2565 0 4104 20

B metome denpbepra 4eTBEpPTOro MOpsAIKa TOYHOCTH I pacueTa TOUKIT
X1 IICTIONB3YETCA opMyTa

5 |
Xk_l_Xﬁh.{z o 408 o 2197 1k5]‘.

. 1 I L R (T
216 2565 4104 5
rne kod(pdmmmenter  ki—ks ompenemnsrorcs

COTJIACHO  BBIMICHIPIBCIACHHBIM
COOTHOIIICHIIAM.
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4.7. Merox Unrienma

B mertome MHrmenna matoro mopsaka TOYHOCTH IS pacdeTa TOUKM Xji
HCIOB3yeTcs GopMyna

X, _Xk+%-h-(14-kl+35-k4+162-k5 +125- k),

rae

k=F(t,.X,). k, = F(t, +%,Xk +k -

o | =

), I, = F(t, +2—7,Xk +%-(k] +1I,)),

2
k,=F({, +hX,—h-k,+2-h-k), k. :F(rk+“—j7,Xk +%-(7k1+10}.:2 +1k,)),

k=F(,+0 X, +%-(28k1 — 125k, + 546k, + 54k, —378k)).
b 2D

Kak Bmamo, d¢opmynsl a1 ompeneneHns KodpdummeHToB  Ki—kg
AHATTOTIIIHEI IICTIOTB3YIOMIIMCA B MeToIe PyHre-KyTTa maroro mopsaka.

4.8. Meton Anamca-bamdgora

B muoromaroeom metone Anamca-bamdopra TpeThero mopsaka TOYHOCTI
171 HAXOKAEHIA TOUKH Xjy ICTIOIB3YIOTCA TPH MPeIbIIyIIIIe TOUKI:

X, =X, +é- h-[23-F(t,. X,)~16-F(t,,. X)) +
+5-F(t,5.X, )] k=2.3....

Jlnga Hauama pacyeTa TpeOYIOTCS TpH «pa3roHHBIe» Toukn X, X, X5,
KOTOPBIE€ MOKHO IOJYYHTE OJHIM I3 OJHOIIArOBEIX METOIOB.

B wMHoromaroom Metome Anamca-bamdopra ueTBeproro mopsjaka
TOUYHOCTH /11 HAXOKASHIS X}y IICIIONB3YIOTCSA YeThIPE MPeaBIAYIIIE TOUKIL:

X, =X, +%-h’[SS-F(rk,Xk) ~59-F(t,_. X, )+

+37-F(t, . X, ) =9 -F(t,..X,,)]. k=3.4....
JIna Havaa pacueTa TpeOYIOTCS YeThIpe «pa3roHHbIe» Toukn X, X1, X7, Xi.

B wmetone Apamca-bamdopra mAToro mopsnka amd HaXOAKASHHA X
IICTIOIB3YeTCA IATh MPEABIAYIIIX TOUeK:

X, =X, +%~h [1901- F(t,.X,) - 2774 F(t, ;. X, ) + 2616 F(1,_,. X, ,) -

1274 F(t, . X, )+ 251-F(t, . X, ,)]. k=4.5....

Jlnsa Hauama pacucTa 'Ipeﬁ}-’IOTC}I IIATH «Pa3TOHHEIX» TOUCK.
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4.9. Merog XeMMHHT A

MHoromaroBslii MeToa XeMMIIHTa UETBEPTOTO IMOPAIKA TOUHOCTI MOKET
OBITH pealll3oBal TpeMA pPas3INIHBIMIT cmoco0aMIl, B KaKIOM I3 KOTOPEIX OJ14
HaXO0KICHIIA TOYKII XHI HCIIOJB3VIOTCA UCTLIPC IPEOLIOYITHIC TOUKIIL:

Xk—l:%4—%.h‘[llgIF(}‘k‘Xk)_99'F(rk—l‘-Xk—l)+
+69-F(t,_,. X, ,)-17-F(t_,.X,,)].
I1TII1
2. X, +X,, 1 o |
X, = H; ”“_"+—2'h'[191'F(-’-‘kst)—107'F(fk—1=Xk—1)+
+109-F(t,_,.X, )25 F(t_,. X, )]. k=
JGRINGI
X, +X +X,

X

B+l T

he[91F(t,, X)) =63 F(t_. X, ) +

-
3

L
_‘!
+57-F(t,_,. X, )13 - F(1,_;. X, )],

5. YUCJIEHHOE UHTEI'PUPOBAHME.
KIIACCU®PUKALIIUA METOJ10OB UHTEI'PUPOBAHUA

B cBsasm ¢ TEM, YTO PCAJIbHBIC SHCPTOCUCTEMBI O CBIBAIOTCA CIIOKHBIMHA I[I/I(l)(bepeHIII/IaJII)HI)IMI/I n
HUHTCTpaJIbHBIMU  YPABHCHUAMH, QAHAIUTHYCCKOI'O PCHICHUA I TAaKUX CHCTEM B IIOJABJIAKOIICM
OOJILIIIMHCTBE CJIy4acB HC UMCCTCA. Pemras >tu xe YpaBHCHUA YUCIICHHBIMHA METOJaMH, pCHICHUC MOYXXHO
HaWUTH JJIA 11000r0 YpaBHCHUA J000M CTEIEeHH CII0KHOCTU. B 3TOM OCHOBHOE JAOCTOMHCTBO YHCIICHHBIX
MCTOHOB U IIPUMCHCHU Ha KOMIILIOTCPC.

I/ICHOHB3y€MBI€ Ha MPAaKTUKEC MCETOAbI YMCIICHHOI'O HMHTCTPHUPOBAHUA MOKHO CrpylniurupoBaTh B
3aBHCHMOCTH OT CIIOC00a OIMKMCaHUs HO)IBIHTC]"pEUIBHOfI (1)YHI(I_[I/II/I

Jlamum KpaTKyro XapaKTepUCTHKY IpyI HauboJsee pacpoCTpaHEHHBIX METOOB.
1. I'pynna Herotona-Koreca
OTH  MeToIbl OCHOBaHbl HAa  MOJMHOMMAIBHON  ammpokcuManuu  (YCIOBHBIX
MPUOIMKEHUAX ) TIOJBIHTErpaibHON PyHKIIMKA. MEeTOoIbl 3TOT0 Kilacca OTIMNYAIOTCs APYT OT Apyra
CTENEHBIO MCIIOJIB30BAHHOIO IOJMHOMA, OT KOTOPOI'O 3aBUCUT KOJIMYECTBO Y3JIOB, B KOTOPBIX
BBIUHCIISIETCS] MOJBIHTErpaibHast QYHKIHSA. AJITOPUTMBI METOJIOB JAOCTATOYHO IMPOCTHI U JIETKO
MOJAI0TCS IPOrPaMMHON peaTn3alinu.
2. CniailHOBbBIE€ METOAbI
JlanHple MeTOoAbl 0azMpYIOTCS Ha aNNpPOKCHUMALMU TOJBIHTETPAaIbHON (YHKIUH.
MeTob1 pa3ianyaroTes Mo TUITY BHIOPAHHBIX CIUIAHOB.
3. Metoasl HauBbIcHIeH ajgredpanyeckoi TouHocTH (Metoabl I'aycca-Kpucrogdgepa)
Hcnonb3yloT HEpaBHO  OTCTOSIIIME Y37, PACIOJIOKEHHBIE IO  aJIrOpUTMY,
o0ecreynBaneMy MUHUMAIbHYIO IOTPELIIHOCTh WHTETPUPOBAHMS Uil Hambosee
CIOXHBIX (pyHKUMNA. MeTonpl paziuyaioTcs MO crocoOy BbIOOpa Y3JI0B M HIMPOKO
UCTOJIB3YIOTCS JJIl MHTETPUPOBAHUS, B TOM YHCIIE U U1 HECOOCTBEHHBIX MHTEIPAJIOB,
XOTA U3-32 HEOOXOJUMOCTH XpaHEHHs] KOHCTaHT W CTaHJapTU3alUH IPEIesioB
MHTETPUPOBAHUS MPOTrPaMMBbl YKa3aHHBIX METOJOB TPeOyIOT HECKOJBKO OOJIBIIEro
o0BEMa maMsATu Mo cpaBHeHHUIO ¢ MerogaMu Herorona-Koreca. B aTux merogax y3isl
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BBEIOMPAIOTCS C MOMOIIBIO JaTYMKa CIy4dailHBIX 4rcell. OTBET HOCHUT BEPOSTHOCTHBIM
Xapakrep.
4. Kuacc cnenuajabHbIX MeTO/10B

DTO METOJbl, aJrOPUTMbI KOTOPBIX Pa3palaThIBAIOTCS Ha OCHOBE yu€Ta M3BECTHBIX
MOJIBIHTETPANIbHBIX (DYHKIMH, YTO MO3BOJSET CYIIECTBEHHO COXPAaHUTh BpeMs W
YMEHBIINUTh MOTPEHNIHOCTh BBIYMCICHUS HHTerpasa. He3aBHUCHMMO OT BBIOpAHHOTO
METOAa B IMpoOIecce YHUCICHHOIO WHTETPUPOBAaHUS HEOOXOAWMO  BBIYHMCIHTH
NpUOMHKEHHBIE 3HAUEHUS MHTErpajlia M OLEHUTh €ro MOTpemHocTh. [lorpemHoctsb
OyIeT yMEHbIIAThCS MPH YBEJIWYCHUH 4YHclia pa30MeHHil MHTepBaja (a,b) 3a cuér
0oJsiee TOYHOH aNmpOKCUMAllMU MOABIHTErpaibHOM GyHKIMH. OIHAKO IpU 3TOM Oyner
BO3pacTaTh IOTPEIIHOCTh 3a CUYET CYMMHPOBAaHUS UYACTHBIX HHTETPAIOB M
IOTPEUIHOCTEN OKPYIJICHHA Yucel MaMHOW. IlocienHsas morpemyocTs 3HaueHus N,

CTAaHOBUTCS MTPeO0IaTaroNIeH.

R

Rmin

v

N

. b-a
R - morpemrHocTs, N - KOTMuecTBO pazouenuii [a,b], h= :

VYkazaHnHoe 00CTOSATETHCTBO JOHKHO MPEAoCcTepedh OT BBIOOpA Ype3MEPHO OOJbIIOTO yncia N
(y31moB pazOueHus) ¥ MPUBECTH K HEOOXOAUMOCTH pa3paboTKU CIIOCOOOB OLIEHKH MOTPEITHOCTH R
BBIOPAHHOT'O METOJIa HHTETPUPOBAHUSI.

ITocTaHoBKa 3a1aun

b
I f (x)dx - HHTETpaJl OT HENPEepBIBHOW (QyHKIMU [ (x) 11000 CTENEeHU CI0XKHOCTH.

a
Bce uyncieHHble METOABI OCHOBAaHBI Ha TOM, YTO HWHTEPBAI (a,b) pa3dMBalOT Ha y4acTKH, Ha
Ka)KJIOM M3 KOTOPBIX KpHUBasi, OMUChIBaeMasi OJIBIHTErpaIbHON pyHKIUEH [ (x) , 3AMEHSIETCSI HEKOTOPOM

Jpyroil KpUBOM, JIJIsl KOTOPOM BBIYMCIICHUS MPOU3BOJAATCS MO JOCTATOYHO MPOCTHIM (opMysiaM, a 3aTeM
BC€ ILIOIIANA CYMMUPYIOTCS.
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5.1. MeToa npssMOyroJibHMKOB

y = f(x) - HekoTOpas KpuBas

5.2. MeTtoa Tpaneumi

TouHOCTH AAaHHOTO METOJZia Iropas3ao BbIIIC, YEM METOAA IPAMOYT'OJIbHUKA.

y A
y=f(x)
/
yd d
Yi| Y2 Yn
a=Xop b=xn X
0 Y + b—a
J.f(x)dx:ZSi, S1:hu, h=
a i=1 2 n
f n—1
O EL TN TS % I S
y 2 2 2 2 2 -

5.3. Metoa CuMIicoHna

OTnuuneM sBISETCS TO, YTO JUISl MOBBIIICHUS] TOYHOCTH UHTETPUPOBAHMS alIIIPOKCUMALIUS
(GYHKIIUH OCYIIECTBISIETCS ¢ TOMOIIbIO Tapadod:

y(x):A+Bx+Cx2;

b 2 3
Jy(x)dx:(Ax+B%+C%Jb

a
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y y=f(x)

Yo Y1 Y2

a+b b

Beipasum ko3¢ ¢urnmentst 4, B, C depe3 KOOPAUHATHL V,, V,, V-

1 a a’
y A
Uy _a+b. yO _|1 a+b [a+bj2 B
—A0 T T 4o 1 - :
2 2
Y C
1 b b?

Pemaem cucremy otHOCcUTENnbHO A, B u C ¥ MOJCTaBiIseM MMONTYYCHHbBIE 3HAUeHUS B (hopMyITy
unrterpaina. [locine nmpuBenenus nmogo0HbIX noxydaem ¢popmyny CUMIICOHA, KOTOpas sl TaHHOTO
KOHKPETHOTO ciIy4ast Oy/ieT UMETh BUI:

[ b h
[k = == (v 4y 4 32) =S (00 + 43+ 22)

Jns ob1ero cinyyast popmyna CuMIicoHa UMEET BU:

b
[ £G)dx = Ry, + v, + 40, +ys + .4 3, )+ 200, + 34+ 43,5113

a

5.4. Ouenka norpemHocrteit MeTo10B HoroTona-Koreca.
Pexomenaanum no BoI0Opy miara MHTErpUPOBaHHUSA.

ITorpemHocTs METOIOB ONPEAEIAETCSA BETUNYMHON HHTETpasla OT OCTATOYHOIO YJI€HA IIOJIUHOMA.
B dopmynax muis onieHkn morpemsocti M, - MakCHMallbHOE 3HAYSHHUE I-TOW MPOM3BOIHOM , KOTOpast

- Lod flx
SBJISIETCS MAaKCUMAaJIbHBIM 3HAUE€HUEM I -TOW POU3BOTHON ﬁ Ha MHTEpBaje [a,b]:
M h(b—a)
Jl5is MeTo/1a IpsSIMOYTOJIBHUKA 3TA MOTPEIIHOCTh COCTABIISIET: —
y M,h*(b—a)
Jns MeTona Tpanenmii: —_—.
12
4
M, h*(b-a)

Jns metona CuMIicoHa:
180
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I[JISI OGGCHG‘-IGHI/ISI 3a,[[aHHOI7I TOYHOCTH UHTCTPUPOBAHUA YaCTO UCIIOJIB3YIOT aJITOPUTMEI C
aBTOMaTu4yeckuM BeIOOpoM mmiara (ABIII), B KOTOPBIX HCTIONMB3YETCS CIACAYIOMIHMA MPUEM: BBIYUCIISIOT
3HaYEHHUE UHTErpaja OAHUM U3 PACCMOTPEHHBIX METO/IOB C HEKOTOPHIM HaYaIbHBIM IIaroM /1 .
[Tomyyaror:

()~ [ (e

3arem IIOBTOPSAIOT 3TH BBIYUCIICHUA C IIOJIOBUHHBIM IIAarOM — .

z[gj ~ j £(x)dx .

Ecmu OKaXKETCs, 4TO

2(n)- @ <e,

TO BBIYMCIUTEBHBIN MPOIIECC TPEKpamaeTcs. B mpoTHBHOM ke ciiydae MpUuOerarT K JaTbHEUIIEMY
JIPOOJICHUIO 1Iara.
[TorygeHHOE TakuM 00pa3oM MPUOIIKEHHOE 3HAYCHUE HHTETPajia MOKHO YTOYHHUTD, UCTIOJB3YS
AKCTPANOJISIIIMOHHBIN TIEPEX0/ K MPeIeiy, MPeIIOKCHHbIH Pudyapaconom:

h
zl — |—z(h
5]
1x7 — |+ —————;
2 2“-1
rae
k=1 B Merone mnpsIMOYTOJHUKOB,

k=2 B Merome Tparnemuuii,

k=4 B wmerome Cumicosa

5.5. BoruucjieHHue KPaTHbIX MHTErpaioB Meroaom Monre-Kapiio

IMpocreiimas Gopmya BEIUMCICHUS ONPEAEIEHHOro HHTerpana MetonoM Monre-Kapio:
b

-
If(x)dx = bb—za 2 £(x,),
=1

a

TJie Cly4JaiHbIe Yrcia X; pPABHOMEPHO pacipesiesicHsl B mHTepBaie [a; b].

B MHoromepHom ciydae 005acTb HMHTETPUPOBAHHAGCR", KOTOpPYIO OyJaeM CUUTaTh OTpaHHYCHHOMH,
HEOOXOAMMO 3aKJIIOYUTE B N-MEPHBIM MPSIMOYTONBHBIN maparenenunesn a;,<X;<b; s rexeparuu caydaiiHbIX
TOYEK X, PABHOMEPHO PACIPE/ICIICHHBIX B 3TOM MapaJulelenuiie/ie, MOKHO BOCIIONIb30BaThCs koManxoi MatLab

x=a+(b-a).*rand(l,n)
3neck a=[a;,an], b=[by,b,] u rand(1,n) — BekTOPBI-CTPOKH, OMIEpaIs . ¥ — MOKOMIIOHEHTHOE YMHOXCHHE CTPOK

Ecnu creneprupoBath N ClydaifHBIX TOYSK X B 9TOM Mapasuiesienuieie 1 0003HaunuTh Yepe3 Ng KOJMYECTBO TOUCK
XEG, TO "o0beM" obmactt M(G) =1(IT,,) *N/N, rae oobem mapautenenumnena m(I1,) = (bi-ai) * *(b,-a,), a uaTErpan

m(G}
f(x) dx = f(x,).
J. N z =

G X, EG

Metonom Monte-Kapio MOXXHO JIerKO HalTH HHTETpajIbl IO OJHOM U TOH e 00acTu cpasy oT
HECKOJIBKUX (DYHKIMIH — JUIsl 9TOTO HAJ0 MPOCTO HAaKaIuBaTh CyMMbl Sfy (X;) 11 Bcex HyKHbIX (yHKImi f i

Haitmem meTomom Monte-Kapiao o6beM V U MOIOKEHNE IEHTPA THKECTH Ny OHOPOIHOTO MIAPOBOTO CErMEHTa
Jns ynoocTBa OyJeM CYUTATh, UTO €T0 "FOXKHBIN MOJIOC" JISKUT Ha TIOCKOCTH X,=0, & OTCEKAIoIIas INIOCKOCTh
el mapamtenbHa O003HAYMM pajuyc Imapa T, BBICOTY CErMEHTa b. Torja HEpaBeHCTBA, 3aJalOlIUe MIAPOBOM
CerMeHT X1° + Xp° + X3° =< 2T Xg, X3 =< h Ero o6bem

v = I.“' dx;dx,dx;,
BBICOTA LICHTPA TSXKECTHU HaA INIOCKOCTBIO X3—=0
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3,[[60]) HUHTCTpaJibl 6epyTC$I oo 06J'IaCTI/I, 3a):[aBaeM0171 HCPaBCHCTBAMU, APYIr'UC ABC KOOPAMHATHI HCHTPA TAXKCCTU

hy, = % J’J.J‘ xydx,dx,dx; .
G

— HYJHU
WcXoaHBIMU TAHHBIMH /TSI BBIYUCIICHUH SBIISFOTCSL:

- 2.
e paaMyc Kpyra, JIe)Kallero B OCHOBaHHMH IIAPOBOTO cerMeHTa Iy = sqr(2rh - h?);

e  mapajuiesIenuIe/l, BKIOYAIONINA IIapOBOM CETMEHT U 3a7aBaeMblii HepaBeHcTBaMu  al<xI<bl, a2<x2<b2,
a3<x3<b3, rae al=a2=-r0O, a3=0, b1=b2=r0, b3=h.
W3 3THX AaHHBIX MOXHO CPOPMHPOBATH BEKTOPBI a=[-I,,-r,,0], b=[ro,re,h] u ¢ momomsio cremyromieit
HPOrpaMMbl BBIYMCIIHTD MTAPAMETPBI IAPOBOTO CErMEHTA:

function [V,MhO,DhO] = spherical_segment(r,h,N)
sumF=0;
sumDf=0;
NG=0;
rO=sqrt(h*(2*r-h));
a=[-rO,-r0,0] ;
b =[rO, roO,h];
VP=4*rO"2*h;
for s=I:N
Xx=a+(b-a).*rand(size(a));
it (x(1)2+x(2)"2+x(3)*2<=2*r*x(3)) S (x(3)<=h)
NG=NG+1,
x=x(3) ;
sumF=sumF+fx;
sumDf=sumDf+fx"2; end end
V=VP*NG/N; MhO=sumF/NG; M2=sumDf/NG; DhO=M2-
MhO"2;

s BbI30Ba JaHHON (YHKIMM M BBIYMCICHHS TOYHBLIX 3HAYEHMIl VPreC ¥ HOPrec HCIOJIb30BajIach

CIEyIOIIas IporpamMma:

% Spher_segm _tst rand('state',0); r=10; h=r; N=100;

[V.MhO,DhO] = sphencal_segment (r,h,N) Vprec=pi*(r-h/3)*h"2
HOprec=h*(2*r-0.75*h)/(3*r-h) s3=3*sqrt(DhO/N)

HOas nonychepsr (h=r) pagumyca r=10 npu N=100 mnosnyueHsl cieayiomue pesyiabTarel V=2320,
Mh0=5.808i, $3=0.708 IlocinenHee o3Ha4YaeT, 4TO C MOBEpHUTEIbHOW BeposTHOCThIO 0.997 wucTHHHAS BBICOTA
LEHTpa TsDKeCTH Haxoautcs B auamnaszone [5.}00, 6.516] [ns cpaBHeHus TouHble 3HaueHus VpPrec=2094.4,
HOprec=6.25. 3amerum, 9TO BBICOTA LEHTPa TAXKECTH, HalimeHHas meTogoM MouTe-Kapio, 10CTaTOYHO TOYHA,
OTHOCHUTEJIbHAS MOTPENTHOCTh ee BhrauciaeHus §4 = 0,07. TOYHOCTH BBIUMCICHHS 00beMa HECKOJBKO XYKe:
OTHOCHUTeJIbHAS orpemHocts v = 0,11.

B coorBeTcTBMM € 3aMeYaHHEM HETPYAHO ObLIO Obl OJHOBPEMEHHO HAWTH M KaKyHO-HUOYIb APYIYIO
XapaKTEepUCTUKY IIaPOBOr0 CETMEHTA, HAIlPUMEP, MOMEHT UHEPIIUH.

6. MHTEPIIOJISILIUSA 3ABUCAMOCTEN

OpHoll M3 BaXHEMIIMX 3aJa4 B IPOLECCE MAaTEMaTUYECKOIO MOJICIUPOBAHUS SIBISIETCA
BBIUHCJICHHE 3HaU€HUHN (YHKIINH, BXOASIIUX B ONMMCAHUE MOJIEIH.

JUis  CIOXKHBIX MoOjeied NOoJ0O0HBIE BBIYHUCICHUS MOTYT OBITh TPYIOEMKHMHU JaXe IpH
ucnons3oBanun  OBM. Ilpu  BbIMOJIHEHMHM MOpOTrpamMM, pPEaJU3yIOIMIMX  OCHOBHBIE  METOJbI
BBIUMCIIUTENIFHOW MaTeMaTHKH, OOJjbllas 4acTb BPEMEHHU MCIIONB3YeTCs Ha BbIUMCIEHHE (DYHKIIUH.
Hcnonb3yemble B MAaTEMaTHYECKUX MOJEINAX (PYHKLUH 337at0TCs KaK aHATUTUYECKUM, TaK U TaOJIMYHBIM
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CIOCOOOM, MPHYEM OCHOBHBIM SIBIISICTCS BTOPOHM, MOCKOJIBKY BTOPOHM Oepercss M3 MPaKTUKH (3aMephl
peanbHBIX BEJIMYMH), T.€. B OOJBIIMHCTBE CIY4aeB pedb MJET O JUCKPETHBIX 3HAUEHHUSIX apryMeHTa.
Bo3HukaeT Bonpoc noucka 3HaueHU apryMeHTa Mex/ly 3aMepaMy ¥ BHE JaHHOTO AMaIa30Ha 3aMepOoB.

[TocraBnenHsle mpoOIEMBI peHIaroTCs MyTEM MPUONMKEHHOW 3aMeHbl (QyHKIUH [ (x) 6onee
npocToil (yHKIMEH qo(x), KOTOPYIO HETPYJHO BBIYMCIHMTH IPH JIIOOOM 3HAYEHWHM apryMeHTa X B
3aJ]aHHOM MHTEPBAJIE€ €r0 U3MEHEHHsI HCIIOIb3YeTCs HE TOJIbKO IS IPUOIMKEHUS YUCIICHHbBIX 3HAUeHUN
f (x) , HO U 7151 IPOBEJICHUS AaHAIMTHUECKUX BBIKJIAZOK IPU TEOPETUYECKOM UCCIIEOBAHUH MOJIEIH.

[Mpubmmxenne GpyHkuun f (x) Oonee mpocToil GpyHKuMEH qo(x) HA3bIBACTCS allPOKCHUMAanMei
(oT ;at. approximo — npuOINKaTh).

bauzocte 3THX QyHKUMI A0OMBaeTCs MyTEM BBEIEHUS B alNPOKCHUMHUPYIOIIYIO (DYHKIIMIO (p(x)
ceoboaubIx napamerpos C,, C,, C,,..., C, U COOTBETCTBYIOIIMM UM BEIOOPOM

3agayamu OT M SHEPreTUKH WIUPOKO MCIHOJB3YETCs ammnpoKcUManus (YHKUUH A ONUCaHMS
(duznuecKux mapaMeTpoB 00bEKTOB (mapametpoB JIJII, mp-pos, npyroro 3HEProoOOPyAOBaHHMS), a
TaKXKe JUIsl 3a/1aHUs] XapaKTePUCTUK AaKTUBHBIX U ITACCUBHBIX 3JIEMEHTOB LIENH, HCTOYHUKOB T'€HEPATOPOB,

a TaKxke morpedurenel u T. 4. B BBIUMCIUTENBbHON MaTeMaTHKe amnmnpokcumanus (yHKIUN sSBiseTcs
OCHOBOMH 17151 pa3pabOTKN HOBBIX METO/I0B U aJITOPUTMOB.

6.1. IlocTaHoBKA 321a4H MHTEPNOJISALNH
[Tycts pynkums f(x)3anaHa TabIUIeH 3HAYCHUH, MOyYSCHHBIX U3 DKCIIEPHUMEHTA.

Hanpuwmep:
f(x) f(xl) f(xz) f(x3) ............... f(xn)
X X, X, Xy | e X,

B koMmmbroTepax oObIUHO 3T JIaHHBIE MIPEJICTABIISIIOTCS B BHJIE MAaCCUBOB, BbIOpAaHHBIE 3HAUEHMUSI
apryMeHTa Has3bIBalOTCS y3i1aMu Ta0nuipl. CunMrTaeMm, 4ro B OOIIEM ciy4ae y3Jbl HE SBISIOTCS
PaBHOOTCTOAIMMU.  3ajJadeil MHTEPHOJUMPOBAHHA B Y3KOM CMBICIE CUMTAIOT HAaXOXKICHHE
NpUOIMKEHHBIX 3HaUeHUH TaOaMuHON (DYHKLNU NPU aprTyMEHTaX X , HE COBMAJAIOLINX C Y3JIOBBIMHU.

Ecmu 3HaueHue apryMeHTa Xx pacloNIOKEHO MEXKAY y3laMH X, <x<X,, TO HAaXOXICHUE
NpUOMMHKEHHOTO 3HaueHus (yHKUuM f(x) Has3biBaeTcs MHTepmoJsinuei. Eciu ke nmpuOamkeHHyro
anmpoKCUMUPOBAHHYIO (DYHKLMIO  BBIUMCISIOT BHE HHTEpBana [Xx,,X,], TO Ipolecc Ha3bIBAETCs
IKCTPANOJIALHUCH.

[IponcxoxaeHne ITUX TEPMUHOB CBA3aHO C JATMHCKUMH CJIOBAaMHU: inter- MeXJy, BHyTpu: pole-
y3€eII; extra - BHE IMaIa3oHa.

B oOmem ciydae 3asaya OTHOCHTCS K HEKOPPEKTHO ITOCTABJIEHHBIM, T.€. MMEET MHOXKECTBO

pemennit. OHaKoO 4yTh HIDKE OyJie MOKa3aHO MaKCHMaJIbHO TOUHOE €€ PelIeHHeE.
Y o3

v
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Bce kpuBbie yaoBiIeTBOPSIOT 3TOM Tabnuiie. K pemennro 3Toi 3a1a4u ¢ MOMOIIBI0 KOMITBIOTEPA
TPaIUIIMOHHO UMEETCS CIEAYIOMUiI nmoaxo. PazpabarbiBanach MakcUMalnbHO Oouiblnas 6a3a pa3aImyHbIX
KPHUBBIX, KOTOpBIE MOJCTABISUIMCH B BuAe (GyHKuu  f(x) g TOro, 4roObl MaKCHMAJIbHO TOYHO

onucarb TabauuHble AaHHble. O1HAKO, OOJBIION TOYHOCTH B 3TOM MOJIXOE TPYAHO HalTH. Perenne ams
3TOW 3ajaun Hauboyiee TOYHOE, KOTOpOE MaeT MHTepnossinuoHHas (opmyna Jlarpamxka (mist ciaydas
HEPaBHOCTOSIIIUX HMHTEPBAJOB IO X ) W HHTepHoisAluoHHas ¢opmyna HproToHa mns ciydas

PaBHOCTOAINIUX UHTCPBAJIOB 110 X . HHTepHOHHHHOHHaH Q)opMyna HrroTOHA SBISETCS YaCTHBIM cIydacm

MHTEPHOJSIIMOHHOMN (popMyiibl JIarpaHka U KpoMe 3TOr0 OHA MEHEEe IPOMO3/IKA.

bonee B o0miem miaHe ¢ MOMOUIbIO MHTEPHOJIALUH PEIIAIOT MIMPOKUN KPYT 3a/1ad YHCIEHHOTO
aHanm3a, IupGdepeHIupoBaHNe W HWHTETPUPOBaHHE (DYHKIHMHA, HAXOXICHHE HYJIEH M SKCTPEMyMOB
byHkumiA, permenue nuddepeHImaibHbIX YpaBHEHUH U T. 1.

Bo3MokHOCTh  pemieHuss MOAOOHBIX 3a7ad OOYCJIOBJIEHAa JOCTATOYHO MPOCTHIM BHJIOM

anmnpoKcuMupyromen GyHKuun @(x).
BBeneM anmpokCUMUPYIOIIYI0 (QYHKIHIO P(X,Cq,Cp0Cypeennennes c,), Kotopas Oynmer paBHa f, B
Toukax Tabmuubl 0 <7< 7. CBOOOHBIE WIEHBI ¢, ONPENENAIOTCS U3 CUCTEMBI HCCIIEYEMBIX JIAHHBIX.
Penrenue nMeeTcs B BUie MHOTOWICHA HE BBIIIE N-O CTENCHH,
P(x)=a,+ax +a,x’ +a,x’ +.....+a,x" (1)
KOTOPBI B TOYKAX  X,,X,,X,,......,X, INPUHAMAET 3HAYCHHWS W3 TAOIMIBI, T.C. BBIIOIHICTCS

PaBEHCTBO P (x,)=f(x,)=y, mnpui=0,n.

6.2. Marepnosasiunonnas popmy.ia Jlarpan:ka

PaccmoTpum  Bompoc 00 OThICKaHMM KO3()(PUIIMEHTOB TNPHBENEHHOTO BBIIIE MHOTOYICHA.
Pemrenue uiercs B BUAE CUCTEMBI YPaBHEHUH, KOTOPOE MOJIy4aeTCs IIyTEM IMOJCTaHOBKY 3HAYEHUN X U

TaOJMYHBIX 3HAUCHUH Y B UCXOAHOE ypaBHeHHe. [loacraBus x,
a, +a,x, +a2x§ +a3x3 +..+a,x, =y,
a, +a,x, +612)C12 +a3x13 +..t+ax' =y,
a, +a,x, +a2x32 +a3x33 +..+a,xs =y,

2 3 no__
a, +a1xn +(12Xn +a3xn +...+a X, =V,

HewmssectHo a,,q,,a,,a;,...,a,
OnHako Ha TMPaKTHKE, KaK MPABWIIO, PEHICHWE YKAa3aHHOW CHCTEMBI CBS3aHO C TPOMO3JIKHMHU
BBIYHCICHUSMH. [103TOMY MHTEPIIONSIIMOHHBIA MHOTOWIEH P, (X,) HIIEeTCS B CIEAYIOIEM BUIC
P, (x ) =ag (x = x )(x = x, )(x = x3)..(x = x, ) + @, (X = X )(x — X, ) (X —x3)..(x —x, ) +
+a,(x=x,)(x=x)(x = x;3)...(x=x,) +a;(x —x,)(x = x )(x = x,)..(x—x,) +......
+a,(x—=x)(x—x)(x=x,)..(x=x,,)
[Tonaras, 4To X = X,,, ¥, IPHHUMAsi BO BHUIMaHNE HCXOJIHBIE YCIOBHS, MTOIy4aeM
Yo = ay(Xg —x;)(xg —X,)(xy = X3)-..(xy —x,,)
= Yo U nojicTaBuM B popmyity st Pn(X)
(xg —x,)(xg —2,)(Xg = X;3)...(xy —x,)
OTKyJa IIPU X = X; UIMEEM:

Y =a,(x; = xp)(x; —x,)(x; —x3)...(x; —x,)

a
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B N
“ (o, =20 )(x; —2x,)(x; — x3)...(x; — x,,)
3 Y2
“7 (or; —x0)(x, = x;)(x; —X53)...(x, —x,,)
Yn

n

(x, =xo)(x, =x)(x, —x3)...(x, —x,;)

[ToncraBus noay4yeHHbIE KOAPGUIUEHTBI B UCXOAHYIO popmyy aist P (x,)

(X =X)(X =X)(X —=X3)..(X =X;) (X = X)X =X)(X =X3)..(X =X;)
Pn(X)= 0+ y1_|_

(Xo - Xl)(XO - Xz)(xo - X3)...(X0 - Xn) (X1 - Xo)(X1 - XZ)(Xl - Xs)---(x1 - Xn)

(X =X%)(X =X )(X —=X3)..(X —X;) (X =X )(X =X )X = X)X =X, 4)

Yo ot "
(Xz - Xo)(xz - Xl)(XZ o X3)...(X2 - Xn) i (Xn o XO)(Xn - X1)(Xn - X2)"'(Xn o Xn—l)
®opwmyia Jlarpanxa

[Ipumep. B pesynbTate sKCIEpUMEHTAa TOJIYYEHBI Clieayroniue 3amepbl. HeoOxomumo HaiiTh
3HaueHue y = f(x)

Xo Xy Xy
X 1 3 5
y 2 1 8

p =07, e D@=d) | D=3 eye g5 11170,
(1-3)1-5) " (-1(=5-3) (5-1(5-3)

6.3. Uarepnoasiunonnas ¢popmyJia Hororona

PaCCMOTpI/IM YaCTHBIN cnyt{aﬁ HWHTCPINOJIAANNY, KOT'la mar h MEKAY COCCAHNMHU Y3JIaMH BCIIMUNHA
IIOCTOsSIHHAas.

Beenem cnenyromee o6o3Hauenue : h =X, — X, ,
ANy=y—-Y, A, =y,-y, Ay,=y;—y, -Pa3HOCTb IIEPBOIO MOPSIKA.
Ny, = Ay, — Ay, Ny, =AMy, — Ay, Ny, =Ay, — Ay, - pa3HOCTh BTOPOTO NOPsIKa
Anyo — A/fhly1 _Anfl-y0 Anyl — A’171y2 _Anfl);1 A”yz — Anfly3 _An—l-y2
Beens Takue 0003HauYeHHS HaAWJEM WHTEPMOJSIMOHHBI MHOTOWIEH N-OM CTENeHU, KOTOPHIN
IIPUHUMAET B TOYKAX X, U IOCIEAYIOIUX T€ XKE 3HAYEHUs, YTO U COOTBETCTBYIOIIHE

X, =Xx,+h A2
X, =X, +2h Y,
X, =X, +nh v,

Haitnem MHOro4IeH mepBOi CTENEHH, MPUHUMAIOIIMKA B TOYKAX X, COOTBETCTBYIOIIUE 3HAYEHUS

y. IloacraBisiss 3TU 3HA4YE€HHWs B MHTEPIIOIALMOHHBIM MHOrouieH JlarpaHika, IoJIyduM CIlIeQyroLee
BBIPAKECHHE

X=X,

P (x)=y,+Ay, - MHOTOYJIEH MTEPBOTO MOPSAKA.

AHaJIOTUYHO TI0JTy4aeM MHOTOYJIEHBI 00JIe€ BHICOKHX MOPSIIKOB, HAIPUMEp 2-TO:

B X=X, Azyo 3 3
P, (x) =y, + Ay, 7 +2!h2 (x = xp)(x —x,)
x—x, Ay Ay
P (x)=y,+4y, 7 o+ Z!hf (x—x)(x—x)+ 3!}; (x = xp)(x —x )(x — x,)
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Jist N-0ro nopsiaKa MHTEpNosAuonHas Gopmyna HeroToHa nmeeT BU
2y 3

ANy

(x = xp)(x—x) + T

x_
P, (x)=y,+Ay,

7 +2'h2 - (x— Xo)(x = x )(x —x,) +

n

A
+..+ Y
nh

L (x = x0)(x = x)(x = x,)....(x — x,)

3amaga wHTepnoysinuu B (opmynax Jlarpamka m HplOTOHa MMeeT €IMHCTBEHHOE pEIICHUE.
[Tostomy Qopmynel Jlarpamka u HproToHa 1JIs1 OXHMX M TEX XK€ 3HAYEHHH X, U ), TOXKAECTBEHHBI U
OTJIIMYAIOTCS JIMIIH TPYIITUPOBKOMN ClIaraeMbIX.

Ha npaktuke ¢popmyna Hetorona 6onee ynoona. OcoOEHHOCTh €€ 3aKJIF0YaeTCcsl B TOM, YTO TpH
n00aBIICHUH HOBBIX (ClIaraeMbIX) JaHHBIX B Tabiuiy B opmyiie Jlarpanka HEOOX0IMMO MEPECUUTHIBATH

Bce Kod(pduuumentsl, a B ¢opmyine HploToHa TpocTo 100aBISIOTCS HOBBIE CllaraeéMble, a CTapble
OCTaroTCs 0€3 U3MEHCHHSI.

6.4. 'apmMoHMYeCcKMii AHAIHU3 U CHHTE3 MEPHOANYECKUX (PYHKIIUI

VYka3aHHBI aHAIU3 MPOBOJIUTCS C LENbIO ONPENEIUTh TAPMOHMUYECKUN COCTaB MEPUOIUYECKUX
¢bynkuuii. DyHKIMS BpeMeHu f(¢) Ha3bpIBaeTCS MEPUOINIECKO, €CIIN ISl Hee CIPABEIINBO yCIOBUE
f@)=f(t+mT),m=1,23....n, T-nepuos.
'apMoHMYecKkuil  aHaIM3  MEPUOJAMYECKUX  (QYHKUMH  3aKi04aeTcss B ONpEesICHUH
K03()(pUIMEHTOB ypaBHEHUs a, U b, !

) = “70 + > (a, cos w,t +b, sinw,)

k=1
W — KpyroBasi 4acTOTa NepBOil TApMOHUKH;
K — mopsAKOBBII HOMEp TaPMOHHKH.
2z
T
Ha mpaxTuke orpaHnuuBaroTcs B (hopMysie He o0, a HEKOTOPBIM YUCIOM M TapMOHUK H MOJTy4aroT
anmpoKCUMUPYIOUHI rapMoHudeckuii koapduuuent Q, (t).

FO~0, ()= %0 + i(ak c0S W, £ +b, sin w,t)

k=1
Koaddurnmentsr @ypre onpenenstores caeayroIMMu BEIPaKEHUSIMHI

2 f 2 .
a; == f(t)cos wrdt b, == [ f(©)sinwdt
T 0 T 0
I/ICHOJ'IL3yeM JJIA BBIUYHCIJICHUSA HHTCI'PpaJIOB YUCJICHHBIC MCTOABI, Harmpumep METO/

NpSIMOYTOJIBHUKOB M TIpHU pa3OueHnn wHTepBajia wHTerpupoBaHus oT[0,T] Ha N paBHBIX OTPE3KOB
NOJyYUM (POPMYIIBI JJ1s1 BEIYUCICHHS

2 n-1
a = EZ Yi

n-1
——z Y c052—7Zkl k=1,2,3, m v, =f() At = t, =iAt

S |3

iy,smz—7Zkl

FapMOHI/IquKHM CHUHTE30M HA3bIBACTCS IOJNIyYCHHE TMEPUOIUYECKOM (YHKIUU MyTeM
CYMMHUPOBaHHMSI €€ TAPMOHUYECKHUX COCTABJISIONINX MO MPUBEACHHBIM BBILIE OpMYIIaM.
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6.5. Ilonck 3kcTpEeMAJIbHBIX 3HAYEHUIT MeTOA0M «30JI0TOT0 CeYeHUsD)

JlocTaTOYyHO OTCEYh OT MCXOAHOTO €IMHUYHOIO KBaJpaTa MPsIMOYTOJBHHK M Ha OCTaBLICHCS
YacTH X €ro CTOPOHBI MOCTPOUTH APYTrod KBAAPAT, MO IJIOMIAIN PABHBIN MOJYYEHHOMY NPSIMOYTOJILHUKY:
I- (1 —x)=x 2. OTcro/a JIeTKo nosyunth: X = 0,618... 1 aT0 opopmieHo B Buze Teopembl B «Havamax»
EBxnupa.

3aKOoHBI MEpbl, TAPMOHHUH, TAPMOHUU MEP M MEpPbl TAPMOHUHM — OTHOIICHUSI 30JI0TOIO CEYCHHS
0,618, OymopaxaT MHTEJUIEKTYaJIbHBIE CHUJIBI YEIIOBEUYECTBA YK€ OoJiee TpeX ¢ MOJIOBHHOW THICSY JIET.
bonbumine nupamuabl I'u3bl MOCTPOEHBI TAK, YTO COOTHOLIEHUE UX JTUHEHHBIX Pa3MEPOB JIa€T 3TO YHCIIO:
0,618. dpecka B 0HOM U3 JPEBHEETHIIETCKUX TPOOHHUI] U300paKaeT BasiTeNs, JBE MEPHbIC JIMHEUKHU B
pyKe KOTOPOTo Jal0T TO K€ OTHOIIECHUE JJIUH.

brnarogapss Iludaropy, mnomapuBiieMy MPOCBEIIECHHOMY YEJIOBEUECTBY «JIBa COKPOBHIIAY
(M.Kennep) - Ha3BaHHYIO €r0 MMEHEM TEOPEMY U 30JI0TOE CEYEHHUE, MOoJIydaeMoe JCJIEHUEM OTpe3ka B
KpaifHEM U CpeIHEM OTHOIICHHH, OJaroaaps 3TOMY JOCTOSHHIO, KyJbTypa €BPOIEHCKON ITUBUIU3AIIUN
3HAYUTENIBHO o0oraTuiack. B mocnenyromieM 3TO WHBApUAHTHOE OTHOIICHHE YCIEUIHO HCIOJIb30Bali
APXUTEKTOPHI M CKYJBITOPHI B CO3JaBacMbIX MU IieaeBpax. OmnpeesieHHblid BKIaT B €ro pa3paboTKy
BHec JleoHapno na BuHum, NMpoWIUTIOCTPUPOBAB HANMCAHHYIO €ro JIpyroM U coBeTunkoM ¢pa Jlyka
[Tagonm mu bopro kaury «bokecTBEHHAS MTPOIIOPIIUSD MECTHIOACCATHIO PUCYHKAMH, BBITOJIHEHHBIX UM C
COOCTBEHHOPYYHO U3TOTOBICHHBIX MaKETOB.

bonee noapoOHO 0 3050TOM ceueHuu B VIHTEpHET CMOTpUTE CAalT My3esl 30JI0TOIO CEUECHHUS:
http://www.goldenmuseum.com/index_rus.html

IlocTanoBKa 3a7a4Hu.

1. HeHeBaﬂ (bYHKI_II/IH IKCTpEMYM KOTOpOﬁ HIOCTCA W OIpaHUYCHHA B OUAIIA30HC KOTOPBIX
HIICTCA pCUICHUC.

F = f(x,y) = min (LID)
Xg<x<x,; y,<y=<y,; (OIP)
Meroa mpuMeHsIeTCs sl ONpeIeTICHUsT Max 1 MiN 3HadeHus: QyHKIUK Ha 3aJJaHHOM WHTEpBaJe.

3agaya MOMCKa SKCTpEMyMa BCTpedaeTcsl B 3a/la4ax ONTHMMU3ALUHU, KOTOpbIE 00s3aTeIbHO BOSHUKAIOT B
uHXeHepHoi npaktuke. Hanpumep: Halitu ontumansHoe ceuenue kadens JIOII.

C — cTOMMOCT®S;
I1 — morepu;
dnp— CEYCeHHE MPOBOJIA;

d,,,- ONTUMAJIbHOE CeUeHUE IPOBOJIaA;


http://www.goldenmuseum.com/index_rus.html

61
Z - CyMMapHBbIi rpaduk.

Ha ceromusimnuuii eHb HE CYLIECTBYET TEOPHUHM ONTUMU3ALMH, OJHAKO, CYIIECTBYIOT METOJIbI
ontumuzanuu. 1 Heo6X0AMMO apryMeHTHUPOBATh MTOYEMY IPUMEHSETCS TOT WM UHOW METO/I.

Meton «3omortoro cedeHusi». B Hem uiercst sxkctpemyM ¢yHkuuu f(x,y) Ha uHTepBane [a,b].
JInst ompenenieHus IKCTpeMyMa JTAaHHBIH OTPE30K He IOJDKEH COJIepKaTh 0oJiee 0JHOro max u min.

«30JI0TBIM CEYEHHEM)» OTpe3Ka HA3bIBACTCs JEJICHHE €ero Ha 2 4YacTH TaKUM 00pa3oMm, 4TO
OTHOIICHUE JJIUHBI BCETO OTPE3Ka K JUIMHE OOJbIIeH YacTH PABHO OTHOMICHUIO OONBINEH YacTH K

MEHBIIIEHN.

T - BeJIMYMHA 30JI0TOrO CEYEHHS.
J5 -1 x, =6—1(6—a)
rT=—"-—
2

~ 0,6180339
X, =a+1(6—a)

Touxka X, ABJISICTCA 30JIOTBIM CCHCHUCM OTPE3Ka dx,, 4 TOYKA X, - OTPE3Ka X6 .

B cooTBeTcTBHM € BBIIIIEYKA3aHHBIM TMOUCK IKCTPEMYMa Ha OTpe3Ke [a,B] MOXKET OBITh BBIOIHEH
CJIeyIOIUM 00pa3oMm:

1. Ortpe3ok [a,B] genurcst TOUKaMU X, U X, [10 IPABUILY 30JI0TOTO CEUECHUSI.
2. Bpruucnsercs 3HaueHHe QYHKIUM f(X) B IOJIyYEHHBIX TOUKAX X, U X, .

3. Ecmm f(x,)> f(x,), TO MeHsieM JIEByIO TpaHHIy WHTEpBaja, Aenas d =X,, B IPOTUBHOM

cllyyae 6 =x,.
4. TloBTOpsieM mpoliecc ¢ Hayajia, yYuThIBasi HOBbIE IPAaHUIIBI OTpe3Ka [a,B].

5. HWrepamuu mpoBoAMM A0 TeX MOp, MOKAa WHTEpBAll HEOMPENEIICEHHOCTH [a,B] HE CTaHeT
MEHbBIIE 3aIAHHOM MOTPEIIHOCTH & .

6. Tlocre 3aBepiIeHUsT UTEPALMH TOYKY MaxX Wik MIN MOKHO YTOYHHUTb, pa3/eiuB OTPE30K [a,
b] momoam.
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